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Abstract: Starting from type IIB string theory on an ADE singularity, the (2,0) little
string arises when one takes the string coupling gs to 0. In this setup, we give a unified
description of the codimension-two defects of the little string, for any simple Lie algebra g.
Geometrically, these are D5 branes wrapping 2-cycles of the singularity. Equivalently, the
defects are specified by a certain set of weights of Lg, the Langlands dual of g. As a first
application, we show that the partition function of the g-type quiver gauge theory on the
defect is equal to the 3-point conformal block of the g-type q-deformed Toda theory in the
Coulomb gas formalism. As a second application, we make contact with Bala–Carter theory
to show that in the CFT limit, the Coulomb branch of the defects flows to a nilpotent orbit
of g, and that all nilpotent orbits of g arise in this way.
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1 Introduction
In the landscape of quantum field theories, six-dimensional superconformal field theories
(SCFTs) hold a privileged place: six is the highest number of dimensions where a conformal
field theory with supersymmetry can exist. Those SCFTs are truly exotic in many regards:
in Physics, the theories with (1, 0) or (2, 0) supersymmetry, for instance, have no description
in terms of an action functional. Furthermore, the degrees of freedom of those theories are
described by tensionless strings. On the Mathematics side, there is no precise definition of
the theory, which makes it problematic to study.
It proves useful instead to analyze a deformation of the 6d SCFT: the six-dimensional little
string is such a theory. The (2, 0) little string is labeled by a Lie algebra g, of ADE type.
One can obtain it from type IIB string theory compactified on a surface X with an ADE
type singularity, and by sending the string coupling gs to zero. The (2, 0) CFT is recovered
by sending to infinity the only scale left in the theory, the string mass ms (while keeping
the moduli of the (2, 0) theory fixed in the process.)
A good illustration is the recently discovered relation between Nakajima quiver varieties
and vertex operator algebras [1]. More precisely, a conjecture was made that certain 4d
N = 2 theories whose origin is the 6d (2, 0) SCFT compactified on a punctured Riemann
surface C, are related to a 2d conformal field theory on the surface, of Toda type, with
W(g)-algebra symmetry.
The little string setup enables one to state a version of this correspondence precisely,
generalize it, and prove it: the partition function of the (2, 0) little string on a Riemann
surface C, with D5 branes at points on C, is in fact equal to a “quantum” deformation of
the Toda CFT conformal block on the surface C [2] (such q-deformed Wq,t(g)-algebras were
first analyzed in the 90’s by [3–5]). The vertex operators in Toda theory are determined
by the positions and the types of defects. Specifically, the D5 branes are codimension two
defects that are points on the Riemann surface C and wrap non-compact 2-cycles of the
resolved singularity X.
A first result of our paper is the extension of the above correspondence to all simple
Lie algebras g. For definiteness, we fix the Riemann surface C to be the cylinder. Non
simply-laced theories arise in type IIB string theory from a non-trivial fibration of the
surface X over C2×C. Then, the little string compactified on C, with D5 brane at points on
it, is described by a 5d quiver gauge theory of shape the Dynkin diagram of g, with unitary
gauge groups and N = 1 supersymmetry; its partition function was computed recently in
[6]. We show that this partition function becomes a conformal block of q-deformed g-type
Toda, with insertion of certain vertex operators. The vertex operators are labeled by a
collection of coweights of g, or equivalently, of weights taken in the Langlands dual algebra
Lg, and obeying certain constraints that we specify explicitly.
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More precisely, the above correspondence is in fact a triality: to see this, one considers
D3 branes that are points on the cylinder C, and which wrap compact 2-cycles in X. The
theory on these branes is a 3d quiver gauge theory, also of shape the Dynkin diagram of g,
with N = 2 supersymmetry. We show that the partition function of the 3d gauge theory is
equal to the 5d partition function, when the 5d Coulomb moduli are integer-valued. This
gives a version of gauge/vortex duality when g is non simply-laced. The triality follows
because the 3d theory’s partition function, written as an integral over Coulomb moduli, is
the same as a q-deformed Toda conformal block, where the number of D3 branes becomes
the number of screening charges in Toda.
Our second result is the classification of these D5 brane defects, in terms of what we define
as polarized and unpolarized sets of coweights of g. The polarized defects have a direct
interpretation in terms of parabolic subalgebras of g, while the unpolarized ones do not.
Our results have implications in the context of the above-mentioned triality: the coweights
defining the defects become “quantized” and appear explicitly in the evaluation of the
3d partition function and q-deformed conformal block. In particular, the quantization of
coweights becomes a crucial ingredient in the analysis of unpolarized defects, and naturally
leads us to consider never-studied 3d quiver gauge theories. Defects engineered from null
coweights are such examples.
Furthermore, we identify the defects in the CFT limit, after taking the string mass ms to
infinity. It is well known today that codimension 2 defects of the 6d (2,0) CFT are classified
by nilpotent orbits [7–14]. Here, we show that all nilpotent orbits of g are realized as the
ms to infinity limit of the Coulomb branch of some 5d quiver gauge theory living on D5
branes. Furthermore, the coweight data of the D5 branes defining those quivers encodes
the Bala–Carter labeling of the nilpotent orbits in the CFT limit. Following [15], we also
point out that the 5d defect quivers are related to so-called weighted Dynkin diagrams of g.
Let us mention that the results of this paper are relevant to a correspondence known
as geometric Langlands, which aims to prove an equivalence between specific categories
associated to a connected complex Lie group and its Langlands dual. This duality can be
phrased in the context of two-dimensional conformal field theories on a Riemann surface: on
one side, one considers the center of the affine Kac-Moody algebra L̂g at level Lk = −Lh∨;
on the other side, one considers the classical W -algebra W∞(g). Recently, a two-parameter
deformation of the geometric Langlands correspondence has been proposed [16]: the first
side of the duality becomes the quantum affine algebra U~(L̂g), a quantum deformation
by the parameter ~ of the universal enveloping algebra of L̂g. The other side becomes the
W -algebra Wq,t(g) mentioned above:
U~(L̂g)←→Wq,t(g)
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In particular, evidence was found that the conformal blocks of the two theories should be
the same. A natural and important generalization is to introduce ramifications at points on
the Riemann surface in this picture. These ramifications are nothing but the D5 branes
we study in this paper, so our results provide an explicit realization of the objects on the
right-hand side of the duality. We leave it to future work to analyze the left-hand side and
prove the correspondence with ramifications.
The paper is organized as follows: in Section 2, we review the (2,0) little string theory and
the defects for the simply-laced Lie algebras. Then we extend the setup to include the non
simply-laced algebras as well. In Section 3, we provide a unified treatment of triality for
an arbitrary simple Lie algebra, and prove it. In Section 4, we take the string mass ms to
infinity in the little string and make contact with the classification of defects as nilpotent
orbits. Section 5 is dedicated to the study of various examples illustrating the statements
of the paper for all simple Lie algebras.
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2 (2,0) Little String and Codimension 2 Defects
The (2, 0) little string is a six dimensional theory, labeled by a g = ADE Lie algebra. It
therefore has 16 supercharges. The little string theory is not a local QFT, and the strings
have a finite tension m2s. The theory was originally discovered in [17–19]
1. There has been
a renewed interest in its study recently, in a variety of contexts [2, 16, 21–30].
One construction of the theory starts in type IIB compactified on a complex two-dimensional
surface X labeled by the simply laced Lie algebra g. This surface X is a hyperka¨hler manifold,
which one constructs by resolving a C2/Γ singularity; Γ is a discrete subgroup of SU(2), and
the fact that such discrete subgroup is labeled by the simply-laced Lie algebra g is known
as the McKay correspondence [31]. One then sends the string coupling gs to zero, which
decouples the gravitational interactions in the type IIB string theory; that does not make
the theory trivial: the degrees of freedom supported near the surface X remain. Indeed,
the moduli space of the (2, 0) little string is (R4 × S1)rk(g)/W , with W the Weyl group of
g, and the different scalars parameterizing this moduli space come from the moduli of the
metric on X, as well as the NSNS and RR B-fields of the type IIB theory. At energies well
below the string scale ms, the little string reduces to a (2, 0) 6d CFT.
2.1 ADE-type Defects
We further compactify the (2, 0) little string theory on a Riemann surface C; in this paper,
the Riemann surface will be the cylinder C = R× S1(Rˆ). Note that X × C is a solution of
the type IIB string theory, since the cylinder has a flat metric. Our main subject of study in
this note will be codimension two defects in the little string, which will be D5 branes in type
IIB. We take the D5 branes to wrap non-compact 2-cycles in X and C2, and to be points
on the cylinder C. A single D5 brane will brake half of the supersymmetry, leaving us with
8 supercharges; since we will ultimately be considering a collection of many D5 branes, it is
important that they preserve the same supersymmetry. This can be done by setting to zero
the periods of certain self-dual 2-forms defined on X. For more details on this configuration,
see [2], where it was first studied in our context. The tension of the D5 branes is finite
in the little string limit gs → 0, so one can study the theory on the branes explicitly. At
low energies, below the string scale, it takes the form of a five-dimensional quiver gauge
theory, with N = 1 supersymmetry 2. The quiver has the shape of the Dynkin diagram of
g [32], with unitary gauge groups. In the rest of this paper, we will call this gauge theory T 5d.
1For a review on the theory’s basic features, see [20]
2The 5d nature of the theory, as opposed, say, to a 4d N = 2 theory, is due to the presence here of the
circle S1(Rˆ) making up the cylinder C. Even though the D5 branes are points on this S1(Rˆ), they still feel
its presence as KK modes on the T-dual circle S1(R) = 1/m2sS
1(Rˆ). The low energy physics is therefore an
honest 5d theory on a circle. Had we chosen the Riemann surface C = C, the low energy physics would have
been a 4d theory; had we chosen C = T 2, the low energy physics would have been a 6d theory on the T-dual
torus.
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The dictionary from geometry to gauge theory data is as follows: the moduli of the 6d (2, 0)
theory become gauge couplings of T 5d. The D5 branes which wrap compact two-cycles of
X are dynamical, and as such, their positions on C are the Coulomb moduli of the gauge
theory. The D5 branes which wrap non-compact two-cycles of X are frozen, by virtue of
the fact that these two-cycles extend to infinity; as such, the position of these D5 branes on
C realizes mass parameters for fundamental hypermultiplets.
2.2 BCFG-type Defects
Let g′ be a simply-laced Lie algebra. We call g a subalgebra of g′ invariant under the outer
automorphism group action of g′. It is well known that such outer automorphisms of g′ are
in one-to-one correspondence with the automorphisms of the Dynkin diagram of g′. The
resulting subalgebras g are called non simply-laced. Let A be an outer automorphism group
of g′. Then either A = Z2 or A = Z3, where the precise group action is shown in Figure 1
below:
𝑫𝟒 𝑮𝟐
𝑩𝒏𝑫𝒏+𝟏
𝑨𝟐𝒏−𝟏 𝑪𝒏
𝑭𝟒𝑬𝟔
Figure 1: The action of the outer automorphism group A on the simply-laced Lie algberas.
In the case of D4, the outer automorphism can be either Z2 (resulting in B3) or Z3 (resulting
in G2).
From our discussion of the McKay correspondence, it is clear how one can engineer non-
simply laced theories in the little string context [33]. Namely, consider the following
nontrivial fibration of X over C2 × C: as one goes around the origin of one of the complex
planes C wrapped by the D5 branes, we require that X goes back to itself, up to the action
of the group A. This action will permute some of the compact two-cycles, according to
Figure 1, and there is a corresponding action on the root lattice of g′. Let a ∈ A. If the set
– 6 –
of simple roots of g′ is denoted ∆, then the simple roots of g are grouped into two sets:
∆l = {α /α ∈ ∆, α = a(α)} (2.1)
is the set of roots of g′ invariant under the action of A. They are called the long roots of g,
and we set them to have length squared 2. The remaining simple roots of g are constructed
as follows:
If A = Z2, ∆s = {1
2
(α+ a(α)) /α ∈ ∆, α 6= a(α)} (2.2)
If A = Z3, ∆s = {1
3
(
α+ a(α) + a2(α)
)
/α ∈ ∆, α 6= a(α)} (2.3)
They are called the short roots of g, and have length squared 2/r, with r the lacing number
of g (r = 2 if A = Z2 and r = 3 if A = Z3).
Denoting the Cartan-Killing form by 〈·, ·〉, note we have assumed that the length squared
〈αa, αa〉 of the simple root αa in g′ is equal to 2. The simple coroots of g are defined by
α∨a = 2αa/〈αa, αa〉, and the Cartan matrix of g is Cab = 〈αa, α∨b 〉.
Not all D5 brane configurations as described in Section 2.1 will represent defects in the
nontrivial fibration of X over C2 × C; only the D5 branes that wrap 2-cycles left invariant
under A-action are allowed. This implies the following for the quiver theory T 5d describing
the D5 branes: starting with a simply-laced quiver theory, the ranks of the flavor and gauge
groups which lie in a given orbit of A must be equal. A non simply-laced defect is then
well-defined.
A fundamental coweight w∨a of g is in fact a sum of fundamental weights of g′, all belonging
in the same A orbit. So fundamental coweights are appropriate to label the D5 branes
wrapping non-compact 2-cycles of the fibered geometry. They are defined by 〈w∨a , αb〉 = δab,
with αb a simple root of g, and a, b = 1, . . . , rank(g). Furthermore, the simple coroots are
the adequate objects to label the D5 branes wrapping compact 2-cycles of the geometry.
Note the fundamental coweights of g are the fundamental weights of Lg, and the simple
coroots of g are the simple roots of Lg. We can therefore equally well label the D5 brane
defects using the fundamental weights and simple roots of Lg if we wish to do so 3.
2.3 Coweights Description of Defects
Though in principle a very generic assortment of D5 branes can be studied in this setup
(with the only requirement that the branes preserve the same supersymmetry), a beautiful
structure emerges when one imposes a conformality constraint (in a 4d N = 2 sense) on
the set of branes:
3In particular, when g is simply-laced, the coweight lattice (respectively coroot lattice) is the same as the
weight lattice (respectively root lattice).
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This is the requirement that the net brane flux at infinity should vanish. Correspondingly,
this imposes constraints on which specific non-compact 2-cycles of X should be wrapped by
the D5 branes.
We choose a class [S∗] in the coweight lattice Λ∨∗ of g. Each weight thus specifies the charge
of D5 branes wrapping non-compact 2-cycles of X. We can expand a given set of weights,
identified here with a non-compact homology class [S∗], in terms of fundamental coweights:
[S∗] = −
n∑
a=1
maw
∨
a ∈ Λ∨∗ , (2.4)
with ma non-negative integers and n = rank(g). The w
∨
a are the n fundamental coweights of
g. Each fundamental coweight is conveniently written with Dynkin labels as a vector of size n,
with a 1 in the a-th entry and 0 everywhere else. For instance, w∨2 = [ 0, 1, 0, 0, . . . , 0].
In what follows, all coweights will be written in this fundamental coweight basis.
To get the brane flux to vanish, we then need to add some D5 branes wrapping a compact
homology class [S] in the coroot lattice of g; we have the following expansion in terms of
simple positive coroots:
[S] =
n∑
a=1
da α
∨
a ∈ Λ∨ , (2.5)
with da non-negative integers. The vanishing flux condition takes the form:
[S + S∗] = 0 . (2.6)
Now, if S + S∗ vanishes in homology, then #(Sa ∩ (S + S∗)) also vanishes, and for all
a = 1, . . . , n. After a little algebra, we can rewrite (2.6) as
n∑
b=1
Cab db = ma , (2.7)
with Cab the Cartan matrix of g (or equivalently the transpose of the Cartan matrix of
Lg).
The physics of triality will emerge when we probe the root of the Higgs branch of the D5
brane theory. To achieve this, we reshuffle the branes and arrange them in a configuration
wrapping a set of non-compact cycles S∗i ; their homology classes ωi now live in the coweight
lattice Λ∨∗ :
ωi = [S
∗
i ] ∈ Λ∨∗ . (2.8)
Therefore, we consider a set of coweights ωi, all taken in fundamental representations of
Lg.
They can be decomposed as:
ωi = −w∨a +
n∑
b=1
hib α
∨
b , (2.9)
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where −w∨a is the negative of the a-th fundamental coweight, hib are non-negative integers,
and α∨b is a positive simple coroot. Geometrically, the above decomposition of ωi has the
interpretation of having different D5 branes bind together. In particular, the position of all
the compact branes will coincide with the position of at least one of the non-compact D5
branes on C. We denote the set of coweights ωi as:
WS = {ωi} . (2.10)
Then, the number of coweights ωi’s is the total rank of the flavor group of T
5d:
∑n
a=1ma.
One can easily show that the constraint (2.6) is equvalent to:∑
ωi∈WS
ωi = 0 , (2.11)
which is also equivalent to (2.7).
In what follows, we will limit our analysis to sets of size 4:
1 ≤ |WS | ≤ n+ 1 ,
since the most generic defect of the g-type little string can always be described by at most
n+ 1 coweights satisfying equation 2.11.
In conclusion, by choosing distinct sets of coweights WS , we get an explicit realization
of all the defects of the little string satisfying (2.7). However, it would be nice to have
a finer classification of the defects. It turns out that there is an elegant answer to this
problem, which was analyzed for in detail for g = ADE in [34, 35]; we will now extend the
classification of defects to all simple Lie algebras g.
2.4 Polarized and Unpolarized Defects
D5 brane defects are divided into two groups,described as follows: Pick a coweight ω of g in
a representation of Lg generated by (minus) some fundamental coweight −w∨a for some a.
If ω is in the Weyl group orbit of −w∨a , and if all coweights of WS satisfy this condition, we
call the resulting defect polarized 5.
If a defect is not polarized, we call it unpolarized. The unpolarized defects of the little
string theory fall into one of the two following categories:
• The set WS only contains the zero coweight ω = [ 0, 0, . . . , 0] (with multiplicity
one or possibly more).
4A given coweight can appear more than once in the set. In fact, it is necessary so when describing a few
of the defects of the E7 and E8 little string; see [34] for details.
5The terminology will be explained in Section 4.1, and is directly related to the definition of the parabolic
subalgebras of g.
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• The set WS contains a nonzero coweight ω in a representation of Lg generated by
(minus) some fundamental coweight −w∨a , but ω itself is not in the Weyl orbit of the
coweight −w∨a .
To fully characterize such an unpolarized defect, it is necessary and sufficient to also specify
the representation ω belongs in 6.
Example 2.1. – Consider the following set of coweights of G2:
WS = {ω1 = [ 0, 1], ω2 = [ 0,−1]} ,
written here in the fundamental coweights basis. One can check at once that both coweights
satisfy the condition to make WS a polarized defect.
– Consider now the following set with a single coweight of F4:
WS = {ω = [ 0, 0, 0, 0]1} .
This is an unploarized defect of the F4 little string theory. Note that the null coweight
is present in all four of the fundamental representations of F4, and each one of these
designates a distinct defect, so we added an extra label to specify which null coweight we
are considering. In the present case, [ 0, 0, 0, 0]1 means that ω = −w∨1 + # simple
positive coroots, with # a positive integer.
– As a final example, consider the following set of (co)weights of D5:
WS = {ω1 = [ 1, 0, 0, 0, 0], ω2 = [−1, 0, 0, 0, 0]3} ,
The weight ω1 belongs in the Weyl group orbit of −w1, and we take it in (minus) the
first fundamental representation of D5; it is a good candidate to make up a polarized
defect. However, the weight ω2 is taken in (minus) the third fundamental representation:
ω2 = −w3 + # simple positive roots (hence the extra label “3”), while it is obviously in
the Weyl group orbit of −w1. The set WS therefore contains at least one weight (that is,
ω2) which satisfies the unpolarized condition, and we call the resulting defect as a whole
unpolarized.
Then, given a set of coweightsWS defining a polarized defect, the dimension of the Coulomb
branch of T 5d can be computed in two different ways:
n∑
a=1
da =
∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| , (2.12)
6The only unpolarized cases where one does not need to provide this additional data are the so-called
simple punctures of B2, B3, C2, D4 and D5 theories: these defects are uniquely specified by the zero
coweight, which belongs in only one of the fundamental representations of Lg.
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where the integers da on the left-hand side are the ranks of the unitary gauge groups in the
quiver T 5d 7. The sum on the right-hand side runs over all positive roots eγ of g, and the
coweights ωi summed over must satisfy 〈eγ , ωi〉 < 0. The fact that the Coulomb branch
dimension of the quiver theory T 5d is equal to the left sum is obvious, and the equality
with the right sum side follows from rewriting the positive simple roots that occur in terms
of positive roots.
If WS defines an unpolarized defect, the left-hand side of (2.12) is still a valid way to
evaluate its Coulomb branch dimension, but the right-hand side is no longer applicable. We
will have more to say about these defects after explaining the physics of triality.
We want to stress that many distinct sets WS often result in one and the same quiver gauge
theory T 5d; the quivers are simply not a good definition of a defect. Crucial information is
contained in the WS that is absent in T 5d: namely, the coweights tell us which 2-cycles are
wrapped by the D5 branes, and this is precisely the data that is crucial to characterize a
defect.
3 g-type Triality
The gauge/Liouville triality was first shown in [36] for the gauge group A1, then was then
extended to the An [37] and the Dn and En cases [2]. It states the equivalence of the
instanton partition function of the 5d ADE quiver gauge theory on R4 × S1 with N = 1
supersymmetry with the partition function of its vortices in 3d at the point of its moduli
space where the Coulomb branch meets the Higgs branch. Furthermore, the 3d vortex
partition function is nothing but the integral representation of the q-deformed ADE Toda
conformal blocks with Wq,t(g) algebra.
The triality can in fact be be derived from the study of the (2, 0) g = ADE little string on
C with polarized brane defects. This is because the partition function of the little string
can be computed using the 5d ADE quivers. Our goal is to extend the triality to include
non-simply laced Lie algebras. To this end, we need to compute the instanton partition
function of fractional quiver gauge theories, recently studied in [6].
3.1 5d Gauge Theory Partition Function
We now compute the supersymmetric partition function of the (2, 0) little string theory on
C × C2 with a collection of defects at points of C. As we argued above, this is the partition
function of a 5d quiver theory on a circle with twisted boundary conditions, Z5d (S
1 × C2)
[38, 39]. As we go around the circle S1 we rotate different C’s by different angles, 1 and 2:
z1 7→ ei1z1 ≡ q z1, z2 7→ ei2z2 ≡ t−1 z2. (3.1)
7In fact, a U(1) in each of the n gauge groups is technically frozen, so one should really subtract n to
this sum to get the number of normalizable Coulomb moduli. We will keep this subtlety in mind but it will
have no incidence on our results.
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The partition function for 5d ADE type quiver gauge theories compactified on a circle was
computed in [40], lifting the 4d computation from [41]. For the simply laced quivers all
nodes in the quiver designate simple roots that are on an equal footing. However, if the
quiver is given by a non simply-laced Lie algebra g, the nodes label either short or long roots
of g. In [6], the partition function for quivers that are not of finite-type Dynkin diagrams is
computed by using equivariant localization. Such quivers are called fractional, and quivers
of non-simply laced type fall into this category (see also [42]). An integer ra is assigned to
each node a to distinguish its relative length squared from the other nodes’. In particular,
the partition function will reduce to the simply-laced case when all ra’s are equal to one. It
was argued that the action of only one of the rotation generators is modified to account for
the contribution of a given node a:
z1 7→ eira1z1 ≡ qra z1, z2 7→ ei2z2 ≡ t−1 z2. (3.2)
The partition function is an index
Z5d (S
1 × C2) = tr (−1)F g ,
where g = qra(S1−SR)t−S2+SR ; S1 and S2 are the generators of the two rotations around the
complex planes in C2 defined above. F is the fermion number. Finally, SR is the generator
of the U(1)R ⊂ SU(2)R charge of the R-symmetry8. We twist by this R-symmetry to
preserve supersymmetry.
This index can be computed using equivariant integration, and written as a sum over fixed
point contributions on the instanton moduli space labeled by Young diagrams:
Z5d = r5d
∑
{µ}
I5d,{µ}(q, t; a,m, τ). (3.3)
The normalization factor r5d contains the tree level and the one loop contributions to the
partition function. We have used the following shorthand notation for Young diagrams to
express the fixed points:
{µ} = {µaI,i}a=1,...n;I=1,...da;i=1,...,∞, (3.4)
where the number of nodes in the quiver is given by n. The rank of the gauge groups is
da. Although only finitely many rows of the Young diagrams are non-zero, we let i to run
to infinity keeping in mind after a finite value of i, µaI,i’s vanish. Sometimes we prefer to
suppress one or both subscrpits to avoid cumbersome notation and hope that our notation
will be clear from the context. The gauge theory partition function will depend on more
parameters than just q and t; as we reviewed in Section 2.1, there are gauge couplings
8When considering type IIB string theory on the surface X, an SO(5)R R-symmetry is preserved. The
D5 branes will only preserve an SU(2)R subgroup of this R-symmetry, and only a U(1)R subset is relevant
here.
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τ ’s, which come from certain moduli of the (2, 0) theory in six dimensions; there are also
fundamental hypermultiplets masses, which originate from the positions of non-compact D5
branes on C, and Coulomb moduli, which are the positions of the compact D5 branes on C.
In [6], it is shown that the contributions for different multiplets at the node a depend also
on the integer ra. For our purposes, we assign the integer ra = 1, 2, or 3 at every gauge
node a in the quiver. The fixed point contributions I5d,{µ} generically have the following
form:
I5d,{µ} = eτ ·µ ·
n∏
a=1
z5dVa,~µa z
5d
Ha,~µa z
5d
CS,~µa ·
n∏
a,b=1
z5dHab,~µa,~µb , (3.5)
where z5dVa,~µa and z
5d
Ha,~µa
are the contributions of the vector and hyper multiplets for node a at
fixed points labeled by representations {~µa}, respectively. zCS,~µa stands for the topological
Chern-Simons factors. We also have bifundamental matter multiplets charged under two
distinct nodes, say a and b, and we label them with z5d
Hab,~µa,~µb
. We assume that z5d
Hab,~µa,~µb
is
1 if there is no bi-fundamental hypermultiplet between nodes a and b.
Similar to the simply-laced quivers, the fixed point contributions for all multiplets are
written in terms of the same function which is usually referred to as Nekrasov function.
However, for the fractional quivers, the Nekrasov functions are modified according to the
change in equivariant parameters at different nodes: (q, t) 7→ (qra , t). The most general of
Nekrasov function we will need is given by
Nµaµb(Q; q
rab) =
∞∏
i,j=1
(
Qqraµ
a
i−rbµbj tj−i+1; qrab
)
∞(
Qqraµ
a
i−rbµbj tj−i; qrab
)
∞
(
Qtj−i; qrab
)
∞(
Qtj−i+1; qrab
)
∞
. (3.6)
where rab is a positive integer divisor of ra and rb for now, and (x; q)∞ =
∏∞
i=0(1 − x qi)
is the q-Pochhammer symbol 9. Let us summarize the contributions from the different
multiplets. At each node a, we have a U(da) gauge group. The vector multiplets contribute
at a fixed point:
z5dVa,~µa =
∏
1≤I,J≤da
[NµaIµ
a
J
(ea,I/ea,J ; q
ra)]−1. (3.7)
Here, ea,I = exp(R aa,I) encode the da exponentiated Coulomb branch parameters of the
U(da) gauge group at the node a. At each node a, we can also couple ma hypermultiplets
charged in fundamental representation of the U(da) gauge group with masses βa’s. They
contribute to the partition function:
9We suppress the explict dependence on ra and rb to avoid clutter in our notation, and refer only to rab
since they determine the type of the q-Pochhammer symbol. Moreover, we keep rab generic for now; rab will
be specialized when we introduce the bi-fundamental contributions.
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z5dHa,~µa =
∏
1≤α≤ma
∏
1≤I≤da
N∅µaI (v
2
a fa,α/ea,I ; q
ra). (3.8)
The exponentiated masses of the hypermultiplets are encoded in fa,α = exp(Rβa,α), where
α takes ma values, and va ≡
√
qra/t. Note that
∑n
a=1ma = |WS |. For every pair of nodes
a, b connected by an edge in the Dynkin diagram, we get a bifundamental hypermultiplet.
Its contribution to the partition function is:
z5dHab,~µa,~µb =
∏
1≤I≤da
∏
1≤J≤db
[NµaIµ
b
J
(ea,I/eb,J ; q
rab)]∆ab . (3.9)
where ∆ is a matrix whose entries ∆ab are equal to either 1 or 0, depending on whether the
a’th and the b’th nodes are connected or not. There is an important subtlety arising for
fractional quivers: the bifundamental matter can be coupled to gauge nodes corresponding
to different length roots. For those multiplets, we have rab = gcd(ra, rb), the greatest
common divisor of ra and rb.
In a 5d theory we can turn on Chern-Simons term of kCSa units, and their contribution for
this node reads
z5dCS,~µa =
∏
1≤I≤da
(
TµaI
)kCSa (3.10)
Here, Tµ is defined as Tµ = (−1)|µ|q‖µ‖2/2t−‖µt‖2/2. The 5d N = 1 Chern-Simons terms can
be determined by conformal invariance; with the rest of the partition function as written,
kCSa on the a-the node is the difference of the ranks of the gauge group on that node, and
the following node(s). The gauge couplings keep track of the total instanton charge, via the
combination
τ · µ =
n∑
a=1
da∑
I=1
τa |µaI |. (3.11)
3.2 3d Gauge Theory Partition Function
In addition to D5 branes, D3 branes survive the limits that we are taking to obtain the little
string theory. Again, we can wrap D3 branes on compact or non-compact two cycles on
X. The ones on compact cycles are dynamical, whereas the branes on non-compact cycles
are not. The quiver gauge theory living on the branes was again constructed by Douglas
and Moore, and we will call it G3d. It is a 3d theory with N = 4 supersymmetry 10. In the
N = 2 language, each vector multiplet has an adjoint chiral multiplet. There is also a cubic
10Similar to the D5 branes, the D3 branes too feel the stringy effects due to the presence of the transverse
circle in C and the tower of states resulting from it. Therefore, the theory is really three-dimensional at low
energies.
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superpotential. Let Na be the number of D3 branes wrapping the a-th compact two cycle
belonging to the second homology isomorphic to the coroot lattice of g. Then we have a
quiver theory of g type with unitary gauge nodes, U(Na). We obtain bifundamental matter
hypermultiplets by quantizing strings streched between adjacent nodes in the associated
Dynkin diagram, described by the previously defined matrix ∆ab.
In addition to the D3 branes, we have D5 branes wrapping cycles in X. As previously
mentioned, on the Higgs branch, the D5 branes wrap non-compact two cycles which are
described by a collection of coweights WS . We need to quantize the strings strechted
between D3 and D5 branes too which give rise to chiral and anti-chiral multiplets of N = 2
supersymmetry at the intersection points of compact cycles wrapped by D3 branes and non-
compact cycles with D5 branes. The presence of D5 branes break half of the supersymmetry
and we end up with a 3d theory of N = 2 supersymmetry.
From the D5 brane point of view, the D3 branes realize vortices. Their charge gives
the magnetic flux in the remaining directions transverse to D3 branes. For an arbitrary
collection of vortices to be BPS, the FI parameters which are the moduli of little strings
need to be aligned at each node of the 5d quiver theory. This requirement is satisfied with
our choice of parameters (see [2] for details). The chiral multiplets coming from D3-D5
strings get expectation values due to non-zero 3d FI parameters in the supersymmetric
vacua.
We can subject the 3d theory to Ω-background as well to compute the partition function on
the vortices using localization [43–46]. Note that we are probing the 5d theory on its Higgs
branch; in other words, it is the theory living on the D5 branes wrapping non-compact two
cycles. The equivariant action that we used to compute the 5d partition function can be
used for the 3d one too. We choose the D3 brane to extend on the plane rotated by the
parameter q, and to be transverse to the plane rotated by t. The partition function is again
given as an index:
Z3d(S
1 × C) = tr (−1)F g , (3.12)
where g = qra(S1−SR)t−S2+SR consists of rotations S1,2 acting on the different planes, and
SR are the R-symmetry rotations. We placed the D3 branes such that S2 acts on the
transverse plane to the branes, and is therefore an R-symmetry generator from the 3d theory
perspective. The theory can have at most U(1)R symmetry, so SR−S2 is a global symmetry.
Localization allows us to write the 3d partition function as a sum over Young diagram just
as in the case of the 5d theory. This form will be crucial to see the connection between
T 5d and G3d. However, there also exists an integral representation of the 3d partition
function. The two representation of the partition functions are ultimately related by picking
up integration contours and computing the integral via residues. The partition function
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can be computed as an integral of the Coulomb branch in 3d,
Z3d =
∫
dx I3d(x) , (3.13)
where the integrand I3d(x) can easily be read off from the quiver description of the theory.
It is given by the product of individual contributions coming from vector multiplets and
different types of matter multiplets coupled to the gauge groups on the nodes. Generically,
it has the following form,
I3d(x) = r3d
n∏
a=1
z3dVa(xa) z
3d
Ha(xa, f)
∏
a<b
z3dHab(xa, xb). (3.14)
r3d is again a normalization factor whose precise form is not important for our purposes. The
contributions of each type of multiplet is known, and we collect them here for completeness.
The N = 4 vector multiplet for a unitary gauge group U(Na) is given by
z3dVa(xa) = e
∑Na
I=1 τaxa,I
∏
1≤I 6=J≤Na
(exa,I−xa,J ; qra)∞
(t exa,I−xa,J ; qra)∞
, (3.15)
where as before, ra ≡ r 〈αa, α∨a 〉/2 for each node a, with r be the highest number of arrows
linking two adjacent nodes in the Dynkin diagram of g (and 〈αa, α∨a 〉 = 2 for long roots, in
our normalization). The numerator consist of contribution coming from the gauge bosons,
and the denominator takes into account the adjoint chiral multiplets within the vector
multiplet. The bifundamental hypermultiplets give a similar contribution to the 5d case,
z3dHab(xa, xb) =
∏
1≤I≤Na
∏
1≤J≤Nb
[
(vabt e
xa,I−xb,J ; qrab)∞
(vab e
xa,I−xb,J ; qrab)∞
]∆ab
, (3.16)
where again ∆ describes how the nodes are connected to each other. rab is the greatest
common divisor of ra and rb for neighboring nodes a and b. The factor vab is a modified
refined factor for non simply-laced Lie algebras: vab =
√
qab/t with qab = q
ra if both
nodes a and b correspond to long roots; otherwise, vab = v =
√
q/t. Chiral multiplets
in the fundamental representation of the a-th gauge group, with SR R-charge −r/2 (not
to be confused with the lacing number of g), contribute
∏
1≤I≤Na(v
r
a fa,ie
−xa,I ; qra)−1∞ to
the partition function, while anti-chiral multiplets contribute
∏
1≤I≤Na(v
r
a fa,ie
−xa,I ; qra)∞,
with fa,i the associated flavor.
The integral runs over all the Coulomb branch moduli of the n gauge groups in the quiver.
To perform this integral, one needs to select a vacuum and pick a contour. We will not
attempt to give a precise contour prescription in this paper, but we will conjecture what
they should be based on input from the 5d theory.
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3.3 g-type Toda and its q-deformation
We now review a last important piece of physics that is needed to establish a triality, the
Toda conformal field theory on the Riemann surface C. The partition function of the gauge
theory on D3 branes presented above is in fact equal to a certain canonical “q-deformation”
of the Toda CFT conformal block on C. This CFT has a vertex algebra symmetry called
Wq,t(g) symmetry, and was first described in [3]. Let us remind the reader of the various
objects that enter in Toda theory, for g a simple Lie algebra.
3.3.1 Free Field Toda CFT
Let g be a simple Lie algebra. g-type Toda field theory can be written in terms of n = rk(g)
free bosons in two dimensions; there is a background charge contribution, and an exponential
potential that couples the bosons to that charge:
SToda =
∫
dzdz¯
√
g gzz¯[〈∂zϕ, ∂z¯ϕ〉+ 〈ρ, ϕ〉QR+
n∑
a=1
e〈α
∨
a ,ϕ〉/b]. (3.17)
The bosonic field ϕ is a vector in the n-dimensional coweight space, whose modes obey a
Heisenberg algebra. ρ is the Weyl vector of g, the bracket 〈·, ·〉 is the Cartan-Killing form
on the Cartan subalgebra of g, and Q = b+ 1/b is the background charge. As before, α∨a
label the simple positive coroots of g.
The Toda CFT has a W(g) algebra symmetry (see [47] for a review). When g = su(2), the
CFT is called Liouville theory, with Virasoro symmetry. The W(g) symmetry of Toda is
generated by the spin 2 Virasoro stress energy tensor, and additional higher spin currents.
The free field formalism of the Toda CFT was first introduced in [48]. It was then studied
in our context in [49–53]. We label the primary vertex operators of the W(g) algebra by an
n-dimensional vector of momenta β, and given by:
V ∨β (z) = e
〈β,ϕ(z)〉. (3.18)
The conformal blocks of the Toda CFT in free field formalism take the following form:
〈V ∨β1(z1) . . . V ∨βk(zk)
n∏
a=1
(Q∨a )
Na〉free . (3.19)
In the above, we have defined the screening charges
Q∨a ≡
∮
dxS∨a (x) .
These n charges are integrals over the n screening current operators S∨a (x):
S∨a (z) = e
〈α∨a ,φ(z)〉/b . (3.20)
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The W(g) algebra can then be defined as a complete set of currents that will commute with
the screening charges. For a derivation of the conformal block expression (3.19), we refer
the reader to [54].
Momentum conservation imposes the following constraint:
k∑
i=1
βi +
n∑
a=1
Naα
∨
a /b = 2Q. (3.21)
The last term comes from the background charge on a sphere, induced by the curvature
term in (3.17). Thus, the above constraint tells us that one of the momenta, say β∞,
corresponding to a vertex operator insertion at z =∞, is fixed in terms of the momenta βi
of the other vertex operators, and the number of screening charges Na.
The correlators of the theory can be computed by Wick contractions, and the conformal
block (3.19) takes the form of an integral over the positions x of the Na screening currents:
ZToda =
∫
dx IToda(x) . (3.22)
The integrand IToda(x, z) is a product over various two-point functions:
IToda(x, z) =
n∏
a=1
ITodaa (xa) · Ia,V (xa, z) ·
∏
a<b
ITodaab (xa, xb) (3.23)
The two-point functions of screening currents with themselves at a given node of the Dynkin
diagram of g give:
ITodaa =
∏
1≤I 6=J≤Na
〈S∨a (xa,I)S∨a (xa,J)〉free. (3.24)
These are the vector multiplet contributions at node a. The two-point functions of screening
currents between two distinct nodes a and b is in turn given by:
ITodaab =
∏
1≤I≤Na
∏
1≤J≤Nb
〈S∨a (xa,I)S∨b (xb,J)〉free. (3.25)
These are the bifundamental hypermultiplet contributions. Finally, the two-point functions
of screening currents at a given node with all the vertex operators.
ITodaa,V =
k∏
i=1
∏
1≤I≤Na
〈S∨a (xa,I)V ∨βi(zi)〉free, (3.26)
will correspond to chiral matter contributions. The two-point functions are readily evaluated
to be:
〈S∨a (x)S∨b (x′)〉free = (x− x′)b
2〈α∨a ,α∨b 〉 (3.27)
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〈S∨a (x)V ∨β (z)〉free = (x− z)−〈α
∨
a ,β〉 (3.28)
After q-deformation, the above conformal block has an interpretation as a 3d partition
function.
3.3.2 q-deformed Toda CFT
In [3], a deformation of the W(g) algebra was given by deforming the screening currents.
Starting with the definition of the quantum number
[n]q =
qn − q−n
q − q−1 , (3.29)
and the incidence matrix Iab = 2 δab − Cab, one defines the (q, t)-deformed Cartan ma-
trix, Cab(q, t) =
(
qrat−1 + q−rat
)
δab − [Iab]q. The number ra is defined as before: ra ≡
r 〈αa, α∨a 〉/2, with r the lacing number of g.
If the Lie algebra g is non-simply laced, its Cartan matrix Cab is not symmetric. Then, we
first need to introduce the matrix Bab(q, t), which is the symmetrization of Cab(q, t). It is
obtained as follows; the symmetrized Cartan matrix is then given by:
Bab = raCab .
Its (q, t)-deformation is simply:
Bab(q, t) = [ra]q Cab(q, t) .
We are now able to construct a q-deformed Heisenberg algebra, generated by n simple root
generators αa, and satisfying:
[αa[k], αb[m]] =
1
k
(q
k
2 − q− k2 )(t k2 − t− k2 )Bab(q
k
2 , t
k
2 )δk,−m . (3.30)
The Fock space representation of the Heisenberg algebra is given by acting on a vacuum
state |λ〉 with “simple root” generators:
αa[0]|λ〉 = 〈λ, αa〉|λ〉
αa[k]|λ〉 = 0 , for k > 0. (3.31)
From these generators, one can define the (magnetic) screening charge operators:
S∨a (x) = x
−αa[0]/ra : exp
(∑
k 6=0
αa[k]
q
k ra
2 − q− k ra2
ekx
)
: . (3.32)
The Wq,t(g) algebra is then defined as a set of the operators commuting with the screening
charges 11. Next, one introduces “fundamental weight” generators wa[m], through the
11One can also define a set of “electric” screenings [3], in the parameter t instead of q, but they will not
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commutation relation:
[αa[k], wb[m]] =
1
k
(q
k ra
2 − q− k ra2 )(t k2 − t− k2 ) δab δk,−m , (3.33)
such that
αa[k] =
n∑
b=1
Cab(q
k, tk)wb[k] . (3.34)
Correspondingly, we define (magnetic) degenerate vertex operators:
V ∨a (x) = x
wa[0]/ra : exp
(
−
∑
k 6=0
wa[k]
q
k ra
2 − q− k ra2
ekx
)
: . (3.35)
Using the notation 〈. . .〉 for a vacuum expectation value, and making use of the theta
function definition θqra (x) = (x ; q
ra)∞ (qra/x ; qra)∞, we obtain the following two-point
functions:
For a given node a,
〈S∨a (x)S∨a (x′)〉free =
(ex−x′ ; qra)∞
(t ex−x′ ; qra)∞
(ex
′−x; qra)∞
(t ex′−x; qra)∞
θqra (t e
x−x′)
θqra (ex−x
′)
. (3.36)
When a and b are distinct nodes connected by a link,
〈S∨a (x)S∨b (x′)〉free =
(t vab e
x−x′ ; qrab)∞
(vab ex−x
′ ; qrab)∞
. (3.37)
The two-point of a screening with a “fundamental” vector operator is given by:
〈S∨a (x)V ∨b (x′)〉free =
(t va e
x′−x; qra)∞
(va ex
′−x; qra)∞
. (3.38)
In the above, we have va ≡
√
qra/t and vab ≡
√
qrab/t. Recall that if either node a or node
b denotes a short root, then rab = 1, while both nodes denote long roots, then rab = r.
The vertex operators that are relevant to us are not exactly the operators Va(x
′) introduced
above in (3.35). Rather, each vertex operator, labeled as Vωi(xi), is a normal ordered
product of rescaled “fundamental coweight” operators,
Wa(x) =: exp
(∑
k 6=0
wa[k]
(q
k ra
2 − q− k ra2 )(t k2 − t− k2 )
ekx
)
: , (3.39)
and rescaled “simple coroot” operators,
Ea(x) =: exp
(∑
k 6=0
αa[k]
(q
k ra
2 − q− k ra2 )(t k2 − t− k2 )
ekx
)
: , (3.40)
be needed here.
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where we dropped the zero mode contributions in the above definitions, since we will not
need them in what follows. The fundamental vertex operators Wa
±1(f vra x) have two point
functions with the screening currents S∨a (x′) that are equal to the contributions of either
chiral or anti-chiral multiplets of R-charge −r/2 as described in Section 3.2.
We now consider a set WS of coweights ωi in the coweight space of g, taken in fundamental
representations of Lg and satisfying
∑|WS |
i=1 ωi = 0; to this set WS , we associate a primary
vertex operator:
:
|WS |∏
i=1
Vωi(xi) : , (3.41)
where each Vωi(xi) is constructed out of the “fundamental weight” and “simple root” vertex
operators. =
To fully specify the conformal block, we also need to make a choice of contour in (3.22). In
particular, it is worth noting that for a given theory, the number of contours generically
increases after q-deformation, when g 6= An. This is because the number of contours in the
undeformed case is equal to the number of solutions to certain hypergeometric equations
satisfied by the conformal blocks, while the number of countours in the q-deformed theory is
instead the number of solutions to q-hypergeometric equations, which is generically bigger.
Giving a prescription for the integration contours when g 6= An is an open problem in
matrix models, and we will not address this question here.
Recovering the undeformed theory is straightforward: we let q = exp(R1), t = exp(−R2),
and take the R to zero limit. In this limit, q and t tend to 1. The individual Vωi(xi) do not
have a good conformal limit, but the products in (3.41) do:
:
|WS |∏
i=1
Vωi(xi) : → V ∨β (z).
The momentum β carried by V ∨β (z) is:
β =
|WS |∑
i=1
βi ωi . (3.42)
Then, we set the argument of the vertex operators to be:
exi = z q−βi . (3.43)
Then the two-point function
〈S∨a (x) :
|WS |∏
i=1
Vωi(xi) :〉free (3.44)
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becomes the undeformed two-point (3.28) of the vertex operator with the a-th screening
current: (1 − ex/z)−〈α∨a ,β〉, withβ defined above. In this way, one is able to realize the
insertion of any number of primary vertex operators, and have complete control over how
the insertion scales in the undeformed limit. Any collection of primary vertex operators
with either arbitrary or (partially) degenerate momenta can be analyzed in this way.
3.4 Proof of Triality
In this section, we will give the proof of triality. We will be brief since the proof in the
non-simply laced case is a straightforward extension of the simply laced case which is studied
extensively so far.
The proof can be divided into two parts. The first part consists of showing that the 5d
theory partition function reduces to the 3d partition function of vortices once we tune the
Coulomb branch parameters such that we probe the point on the moduli space where the
Coulomb branch meets the Higgs branch. The second part is to show that the integral
representation of the 3d partition function is nothing but the Coulomb gas representation
of the conformal blocks in q-deformed Toda theory.
3.4.1 3d-5d Partition functions
For the first part of the proof, the integral representation of the 3d partition function
is not very useful. Instead, we would like to explicitly perform the integrals. Once the
appropriate contour is chosen, the contributing poles turn out to be labeled by Young
diagrams. Therefore, the 3d partition function can also be expressed as a sum over Young
diagrams:
Z3d =
∫
dx I3d(x) =
∑
{µ}
res{µ} I3d(x). (3.45)
The summand can be easiest computed after normalizing it by the residue of the pole at
{∅}:
res{µ}I3d(x)/res{∅}I3d(x) = I3d(x{µ})/I3d(x{∅}), (3.46)
where x{µ} denote µ dependent substitution for the Coulomb branch parameters:
{exµ} = {ea,I qµ
a
I,itρi v#aq#
′
a}. (3.47)
The equivalence of the partition functions of G3d and T 5d is observed when we move to the
special point on the moduli space of the 5d theory where its Coulomb branch meets its
Higgs branch. To this end, we tune the Coulomb branch parameters to equate some of the
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masses of the hypermultiplets:
ea,I = fi t
Na,Iv#a,i,Iq#
′
a,i,I . (3.48)
Here, Na,I are positive integers that can be interpreted as integer units of vortex flux, which
we turn on. Effectively, then, one can get off the root of the Higgs branch, but only to
probe the Coulomb branch of T 5d on an integer-valued lattice.
This identification results in the truncation of Young diagrams. Let us assume that one
of the representations, say µ, labeling the generalized Nekrasov factor Nµν(Q; q
rµν ), has
at most N rows. If we set Q = qrν t−(M+1), one can then show that the Nekrasov factor
vanishes unless the length of ν is bounded by N +M , i.e. `(ν) ≤ N +M . Furthermore, we
make use of the identity below, which following from the properties of the q-Pochhammer
symbol:
Nµν(Q; q) =
rµν−1∏
a=0
Nµν(q
aQ; qrµν ) (3.49)
We previously mentioned that the fixed points of the equivariant action used in computing
5d instantons are labeled by Young diagrams, and these Young diagrams are allowed to
be of any size. At this point of the moduli space, it is not hard to show that the non-zero
contributions to the partition function come from Young diagrams which have less than or
equal to Na rows, otherwise their contribution vanish. We can find a truncation pattern, and
easily deduce that each Young diagram is limited in length by an integer. This truncation
behavior can be checked directly by studying the generalized Nekrasov factors Nµν(Q; q
rµν ).
Once we know that the Young diagrams µ and ν are truncated such that `(µ) ≤ Nµ and
`(ν) ≤ Nν , one is able to show that the generalized Nekrasov factor can be rewritten as
Nµν(Q; q
rµν ) =
Nµ∏
i=1
Nν∏
j=1
(Qqrµµi−rννj tj−i+1; qrµν )∞(Qtj−i; qrµν )∞
(Qqrµµi−rννj tj−i; qr)∞(Qtj−i+1; qr)∞
×Nµ∅(QtNν ; qrµν )N∅ν(Qt−Nµ , qrµν ). (3.50)
This identity is crucial in establishing the equivalence between the 3d and 5d partition
functions. Now, for definiteness, suppose that T 5d is engineered from a given polarized set
WS of coweights of g, in the sense of Section 2.4. We then look at the decomposition of the
various multiplet contributions after imposing (3.48). The 5d vector multiplets become
n∏
a=1
z5dVa,µa =
n∏
a=1
z3dVa(xµa)
z3dVa(x∅)
· Vvect, (3.51)
where the first factor is nothing but the vector multiplet contribution for 3d theory. Vvect is
all the remaining factors from 5d vector multiplet. Similarly, we can also reduce and isolate
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factors from bifundamental multiplets that make up 3d bifundamental contribution and a
leftover factor Vbifund:
∏
a<b
z5dHab,µa,µb =
∏
a<b
[
z3dHab(xµa , xµb)
z3dHab(x∅, x∅)
]∆ab
· Vbifund . (3.52)
We write the following for the contributions of the fundamental hypermultiplets and
Chern-Simons term:
n∏
a=1
z5dHa,µa = Vfund, (3.53)
n∏
a=1
z5dCS,µa = VCS . (3.54)
We now collect all the leftover factors from the above reduction. After many cancellations,
one can show that these factors make up a 3d hypermultiplet contribution,
VvectVbifundVfundVCS =
n∏
a=1
z3dHa(xµa)
z3dHa(x∅)
, (3.55)
where z3dHa(xµa) can be written compactly as:
z3dHa(xa, fa,i) =
∏
1≤I≤Na
|WS |∏
j=1
[
(v
#a,I
a e
x
(a)
I /fj ; q
ra)∞
]ωj,a
(3.56)
Here, ωj,a is the a’th Dynkin label of the j’th coweight in WS , with the coweights expanded
in terms of fundamental coweights. For example, the g = B3 coweight ω1 = [−1, 1, 0]
has ω1,1 = −1, ω1,2 = 1, ω1,3 = 0, and is to be understood as minus the first fundamental
coweight plus the second fundamental coweight of B3. The requirement that the sum of the
coweights in WS add up to zero implies that the matter contribution (3.56) is in fact a ratio
of q-Pochhammer’s. From the point of view of G3d, the various v
#a,I
a factors are fixed by
R-charge conservation. In the end, the summand of the 5d gauge theory partition function
becomes the summand of the 3d partition function, establishing the first half of triality.
3.4.2 q-deformed Toda Conformal Block and 3d Partition Function
The second part of the proof is more straightforward, as it simply consists in comparing the
integrands on both sides. The q-deformed conformal block is then equal to the partition
function of G3d: the two-point functions of screenings in (3.36), (3.37), are the contributions
of the N = 4 vector and bifundamental multiplets in (3.15) and (3.16) to the D3 brane
partition function, respectively. The number Na of D3 branes on the a-th node maps to the
number of screening charge insertions. The evaluation of the two-point of a screening and a
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vertex operator (3.44) becomes the 3d hypermultiplet contribution (3.56).
3.5 Quantization of Weights and Unpolarized Defects
The above proof of triality was technically only written for the case of polarized defects
of the little string theory. A natural question to ask, then, is whether triality still works
for unpolarized defects. The answer is affirmative, and addressing this question in full
generality turns out to have deep implications about what we could call a quantization of
the (co)weights of g. Indeed, already in the case where WS characterizes a polarized defect,
the matter content on node a of the 3d theory is given by (3.56):
z3dHa(xa, fa,i) =
∏
1≤I≤Na
|WS |∏
j=1
[
(v
#a,I
a e
x
(a)
I /fj ; q
ra)∞
]ωj,a
. (3.57)
This formula can be taken as a definition of the quantization of a coweight ωj , meaning the
coweight appears in a “refined” fashion. Triality can then be understood as a procedure to
quantize arbitrary (co)weights.
Going back to unpolarized (co)weights of the little string, they too will then get quantized
in the triality picture, and the matter content of G3d gives an explicit formula for them
(though in that case, we do not have a closed-form general formula like (3.56)).
A direct consequence is that every weight in a fundamental representation of g now has
multiplicity 1 after quantization. For example, the second fundamental representation of
D4 contains the null weight with multiplicity 4. But performing triality on the D4 defect
theory WS = [0, 0, 0, 0], we find four distinct refinements of the null weight. This gives a
direct prescription to compute the refinement of any (co)weight.
Though these remarks are motivated by the truncation of some 5d gauge theory partition
function to 3d, the recent work of [6] shows that one can equivalently recover quantized
weights from the computation of qq-characters of g (see also [3, 55]). In particular, the
various terms of a given qq-character should agree with the 3d matter content one derives
from the triality, for instance in the form (3.56), and it would be important to make that
statement precise.
4 (2,0) CFT Limit and Nilpotent Orbits Classification
Because it has a scale ms, the (2, 0) little string theory on C is not conformal. To recover
the (2, 0) 6d CFT theory on C, we take this string scale ms to infinity, while keeping all
moduli of the (2, 0) theory fixed in the process. Furthermore, if we denote by ∆x the
relative position of the |WS | D5 branes on C, we then take the product ∆x ms to zero.
4.1 Description of the Defects
The quiver gauge theory description of the defects is only valid at finite ms. Taking the
(2, 0) CFT limit ms →∞ has drastic effects on the physics; most notably, the radius of the
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5d circle S1(R) = 1/m2sS
1(Rˆ) vanishes in the limit, so the theory becomes four-dimensional.
We call the resulting theory T 5dms→∞ ≡ T 4d. The 4d inverse gauge couplings τa vanishes as
well, because the combinations τam
2
s turn out to be moduli of the (2, 0) CFT, which are
fixed in the limit. In other words, there is no longer a Lagrangian describing the theory on
the D5 branes 12. Though an effective description as a quiver gauge theory is no longer
available, a lot can be deduced about the resulting 4d theory in that limit, as we now explain.
Most notably, an essential feature is that when ms →∞, the Coulomb branch of the defect
theory T 4d becomes a nilpotent orbit of g. This was shown in the case g = ADE in [34, 35],
based on the analysis of the Seiberg-Witten curve of the theories. We conjecture the same
to be true for non simply-laced algebras. In this paper, we will perform basic checks of
this conjecture, such as dimension counting of the Coulomb branch, and matching of the
Bala-Carter labeling of nilpotent orbits.
To arrive at nilpotent orbits, however, we must first remind the reader of the beautiful
connection that exists between the coweights defining a little string defects and the so-called
parabolic subalgebras of g.
We will need two facts from representation theory: First, a Borel subalgebra of a Lie algebra
g is a maximal solvable subalgebra. We note that the Borel subalgebra can always be
written as the direct sum b = h⊕m; here, h is a Cartan subalgebra of g, and m = ∑α∈Φ+ gα,
with gα the root spaces associated to a given set of positive roots Φ
+. We fix the set Φ+,
which in turn fixes the Borel subalgebra b, for a given Lie algebra g.
Second, a parabolic subalgebra pΘ is defined as a subalgebra of g which contains the Borel
subalgebra b. It also obeys a direct sum decomposition:
pΘ = lΘ ⊕ nΘ . (4.1)
In our notation, Θ is a subset of the set of positive simple roots of g. We introduced
nΘ =
∑
α∈Φ+\〈Θ〉+ gα is the nilradical of pΘ, while lΘ = h ⊕
∑
α∈〈Θ〉 gα is called a Levi
subalgebra; the subroot system 〈Θ〉 is generated by the simple roots in Θ, while 〈Θ〉+ is
built out of the positive roots of 〈Θ〉. Then, it follows that nΘ ∼= g/pΘ.
We can now explain how parabolic subalgebras of g arise from noncompact D5 branes:
Consider a set of coweights defining a puncture,
WS = {ωi} .
As we explained in Section 2.3, each coweight ωi represents a distinct D5 brane. A set of
simple roots Θ, as defined in the previous paragraph, is constructed as the subset of all
12Note this is not the 4d limit described in [41]; there, one obtains a 4d quiver gauge theory, with the
same quiver as for T 5d, by keeping the inverse gauge couplings τa finite. This does not decribe the (2, 0)
theory on C, since the moduli τam2s then become infinite.
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simple roots of g that have a zero inner product with every coweight of WS .
Among the many possible sets of coweights, we look in particular for a set in the Weyl group
orbit of g for which |Θ| is the biggest. We call such a set of coweights distinguished. In the
rest of this paper, the sets of coweights WS we consider are all taken to be distinguished. If
a given set is not distinguished, acting simultaneously on all its coweights with the Weyl
group of g will always turn it into a distinguished set.
Example 4.1. Let us consider the following set of F4 coweights, expanded in terms of
fundamental coweights as:
WS = {ω1 = [ 0, 0, 1,−1], ω2 = [ 0, 0,−1, 1]}.
Both coweights have a zero inner product with α1, α2, so |Θ| = 2. A Weyl relfection about
the simple root α4 turns the set into:
W ′S = {ω1 = [ 0, 0, 0, 1], ω2 = [ 0, 0, 0,−1]}
Note that this time, |Θ| = 3, and that is the maximal size of Θ for this choice of defect.
Therefore, we call the set W ′S distinguished.
A nilradical nΘ of g occuring in the direct sum decomposition (4.1) always specifies the
Coulomb branch of some defect T 4d 13. Starting from the weight data of the defect, the
nilradical is extracted as follows: it is the direct sum of the root spaces associated to a set
of positive roots {eγ} in g, such that
〈eγ , ωi〉 < 0 (4.2)
for at least one coweight ωi of WS . The bracket 〈·, ·〉 is the Cartan-Killing form of g. In
particular, the size of this set gives the complex dimension of the Coulomb branch of T 4d.
It is important to note that the Coulomb branch is generically smaller than at finite ms,
for T 5d, where we had (2.12): ∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| .
Indeed, in the little string formula above, positive roots are counted with multiplicity, while
this is not the case in the CFT limit. As a consequence, the Coulomb branch dimension of
T 4d is at most the number of all positive roots of g. This decrease of the Coulomb branch
is directly related to an effect we pointed out in Toda theory 3.3: there, the number of
13For a related discussion in the context of the codimension 2 defects of 4d N = 4 SYM, see [56]; there,
defects are described as the sigma model T ∗(G/P ), with P a parabolic subgroup of the Lie group G. Our
discussion is related to that setup by compactifying the little string further on a torus. In particular,
S-duality of 4d N = 4 SYM with surface defects follows from the T-duality of the little string on that torus
[33, 35]
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contours in the evaluation of conformal blocks was conjectured to be bigger in q-deformed
Toda, as opposed to the undeformed case.
Though we do not have a direct proof of the above prescription for computing the Coulomb
branch dimension of T 4d, we checked it explicitly for the defects of all exceptional algebras,
and up to a high rank for the classical algebras.
Example 4.2. Let us illustrate the above statements for the F4 defect
WS = {ω1 = [ 0, 0, 0, 1], ω2 = [ 0, 0, 0,−1]}
First, let us compute the Coulomb branch dimension of T 5d in the little string and of T 4d
in the CFT limit. ω1 has no negative inner product with any of the positive roots, so it
does not contribute to the Coulomb branch counting.
ω2 has an inner product equal to -2 with 7 of the positive roots, and an inner product
equal to -1 with 8 of the positive roots. Summing up the absolute value of these inner
products, we deduce that the complex Coulomb branch dimension of T 5d is 22. Writing
down the quiver engineered by WS , the Coulomb content from the gauge nodes is indeed
4 + 8 + 6 + 4 = 22. Furthermore, we can conclude that 15 of the positive roots have a
negative inner product with at least one of the weights. Thus, the Coulomb branch of T 4d
has complex dimension 15.
The set WS is distinguished, and ω1 and ω2 both clearly have a zero inner product with the
three simple roots α1, α2, α3 (they have common zeros for their first three Dynkin labels).
We conclude at once that Θ = {α1, α2, α3}. Therefore, the parabolic subalgebra associated
to this defect is p{α1,α2,α3}.
The above discussion leads us straight to the consideration of nilpotent orbits. The fact
that surface defects of 6d (2, 0) CFTs are described by these orbits has been studied in
detail in [7]. A useful reference for the rest of this section is the book [57].
Having chosen a fixed faithful representation for g, we say that X ∈ g is nilpotent if the
matrix that represents X is nilpotent. Then, all the elements in the G-adjoint 14 orbit OX
of X are nilpotent, and we call OX a nilpotent orbit. Consider a Levi subalgebra arising
from the direct sum decomposition of the parabolic subalgebra p = l ⊕ n, the nilpotent
orbit Ol associated to p is the maximal orbit containing a representative X ∈ Ol for which
X ∈ n.
The Coulomb branch of a physical defect theory T 4d is intimately related to the existence
of a duality map which acts on the nilpotent orbits. The Spaltenstein map [58] is such a
map; it reorganizes nilpotent orbits of g by sending an orbit O of g to another orbit of
g (which is sometimes the same as O). The map is many-to-one for all algebras except
14Note it is the adjoint Lie group action that is used here, not the Lie algebra.
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g = An
15. Before explaining the relevance of the Spaltenstein map to little string physics,
let us address the question of classification of nilpotent orbits.
4.2 Bala–Carter Labeling of Nilpotent Orbits
There exist different ways to label nilpotent orbits in the Mathematics literature; the
characterization that turns out to arise naturally in the little string context [34] was
developed by Bala and Carter, and is applicable to any semi-simple Lie algebra [59, 60].
We only need the result of their analysis, so we will be brief in describing their construction.
It relies on the use of the Levi subalgebras of g.
The Bala–Carter prescription is to label a nilpotent orbit O by the smallest Levi subalgebra
l ⊂ g that contains some representative of that orbit. When g 6= An, it can happen that
this Levi subalgebra does not specify uniquely O, so extra data is needed. The prescription
is as follows: suppose a parabolic subalgebra p has the usual direct sum decompostion into
Levi and nilradical parts, p = l′ ⊕ u. We say p is distinguished if dim l′ = dim (u/[u, u]) (an
example of such a p is the Borel subalgebra of l.) Then, one can show that a nilpotent
orbit O is uniquely determined by the Levi subalgebra l and by a distinguished parabolic
subalgebra of [l, l].
If l is sufficient to uniquely specify a nilpotent orbit O, meaning l contains a unique dis-
tinguished parabolic subalgebra, then O is said to have Bala–Carter label l. The orbit O
is called the principal nilpotent orbit of l. If the orbit O is not uniquely determined by l,
an additional label specifying a distinguished parabolic subalgebra of [l, l] is needed (it is
usually given as the number of simple roots in a Levi subalgebra of p).
It is remarkable that one can read off the Bala–Carter label of a nilpotent orbit just from
the Dynkin labels of the coweights specifying a D5 brane defect in little string theory. To
be precise, we find the following general result, for WS a distinguished set of coweights of g,
and Θ its associated set of simple roots, as defined in the previous section:
• If WS denotes a polarized defect of the little string, then one can identify the set Θ
with the Bala–Carter label of the defect. Specifically, the union of all elements of
the set Θ is a subquiver of g, called the Bala–Carter label of this defect, written as
lΘ. The Coulomb branch of T
4d is then a resolution of the Spaltenstein dual of O,
where O is the nilpotent orbit labeled by the Bala–Carter label lΘ. The orbit O is
the principal nilpotent orbit of the Levi subalgebra lΘ.
• If WS denotes an unpolarized defect of the little string and g is simply-laced, then
one can identify the set Θ with part of the Bala–Carter label of the defect. To fully
characterize the defect, one must also indicate which fundamental representation the
15Since the defects of the little string live in the weight lattice of Lg, one can also choose to work with a
slightly different map, the Spaltenstein-Barbasch-Vogan map, which sends nilpotent orbits of g to orbits of
Lg. Ultimately, there is no difference in the resulting physics, so we choose to work with the Spaltenstein
map instead, denoting defects as living in the coweight lattice of g, as we have done in the rest of this paper.
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coweights ofWS belong in. This additional prescription is in one-to-one correspondence
with specifying the extra data needed to denote the Bala–Carter label of a non-principal
nilpotent orbit. Furthermore, the Coulomb branch of T 4d is not in general in the
image of the Spaltenstein map.
When g is non simply-laced, it can happen that an unpolarized defect WS has no
relation to the labeling of nilpotent orbits predicted by Bala and Carter (the nilpotent
orbit is still realized physically as a Coulomb branch of some theory T 4d, but the
Bala–Carter label for it is not readable from the simple roots set Θ of WS).
Example 4.3. Let us consider again our F4 defect,
WS = {ω1 = [ 0, 0, 0, 1], ω2 = [ 0, 0, 0,−1]}.
One can easily check that the defect is polarized. Furthermore, we identified in the previous
example that Θ = {α1, α2, α3}. Therefore, the Bala–Carter label for the defect is B3, and
the Coulomb branch of the defect in the CFT limit is the Spaltenstein dual of the nilpotent
orbit B3, which is the orbit A2s . The orbit A2s has complex dimension 15, which confirms
our previous computation of the dimension from a different method.
Some comments are in order: First, the above points imply that all nilpotent orbits are
realized as the ms to infinity limit of the Coulomb branch of some Dynkin-shaped quiver
gauge theory, with unitary gauge groups. Second, the coweight data of the D5 branes defining
those quivers almost always provides a physical realization of the Bala–Carter classification
of nilpotent orbits, with a few exceptions: for some non simply-laced unpolarized defects,
the labeling predicted by Mathematics is sometimes not the same as the prediction obtained
from little string Physics. We will illustrate this feature in detail for g = G2 in the Examples
5.2.
4.3 Some Comments on Classification
It turns out that the Bala–Carter label of a polarized defect can also be obtained as the
union of some simple roots αi in (undeformed) g-type Toda theory, as a null state condition
at level 1 16:
〈β, αi〉 = 0 ∀αi ∈ Θ , (4.3)
with Θ a subset of simple roots of g, and |~β〉 a highest coweight state of the W(g)-algebra.
By the state-operator correspondence, the momentum β carried by the vertex operator
V ∨β (z) is simply β =
∑|WS |
i=1 βi ωi, as we wrote previously in equation (3.42).
In the notation of Section 4.2, a subalgebra pΘ can then be associated to β, with Θ charac-
terizing the level 1 null state above. An induced nilpotent orbit can then be extracted from
it, following the procedure described in the previous section.
16It was first pointed out in [61] that when g = An, surface defects of N = 4 SYM are characterized in
Toda theory by level 1 null states.
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Finally, let us make contact with the so-called weighted Dynkin diagrams that appear in
the literature as yet another way to classify nilpotent orbits.
Weighted Dynkin diagrams are vectors of integers ri ∈ {0, 1, 2}, where i = 1, . . . , n; thus,
we get one number for each node in the Dynkin diagram of g. We can associate such a
vector to each nilpotent orbit of g, and each nilpotent orbit has a unique weighted Dynkin
diagram. Note, however, that not all such labellings of the Dynkin diagram have a nilpotent
orbit corresponding to it.
As pointed out in [34], all weighted Dynkin diagrams can strikingly be interpreted as physi-
cal quiver theories of the little string, with flavor symmetry
∏n
i=1 U(ri). This means that
surprisingly, the labels on the nodes of a weighted Dynkin diagram can be understood as the
rank of a flavor symmetry group in a quiver gauge theory. The quivers one reads off in this
way turn out to all satisfy the constraint (2.7). For instance, the full puncture, or maximal
nilpotent orbit, which is always denoted by the weighted Dynkin diagram (2, 2, . . . , 2, 2), can
be understood as a little string quiver gauge theory with a U(2) flavor attached to each node,
for all simple Lie algebras. The surprise here is that these quiver gauge theories turn out
to be precisely 17 the little string quivers T 5d (at finite ms) that the 4d defects originate from.
Furthermore, this analogy gives another way to compute the dimension of a nilpotent orbit.
We interpret the weighted Dynkin diagram of a nilpotent orbit O as a coweight ω, written
down in fundamental coweight basis. We then compute the sum of the inner products of
all the positive roots of g with this coweight. This gives a vector of non-negative integers.
Truncating the entries of this vector at 2 and taking the sum of the entries gives the
(real) dimension of O. The proof in the simply-laced case is given in [34], and generalizes
straightforwardly to all simple Lie algebras.
Example 4.4. Let us look at the weighted Dynkin diagram (0,0,0,2) in the algebra g = F4.
We therefore consider the coweight ω = [0, 0, 0, 2], which happens to be twice the fourth
fundamental coweight of F4. Let Φ
+∨ be the set of the 24 positive roots of F4. Calculating
the inner product of all of these positive roots with ω gives:
〈Φ+∨, ω〉 = (4, 4, 4, 4, 2, 4, 2, 4, 4, 0, 2, 2, 0, 2, 0, 2, 0, 0, 2, 0, 0, 0, 2, 0).
Truncating at multiplicity 2, the sum of the inner products is 2× 7 + 2× 8 = 30, which is
the correct real dimension of the nilpotent orbit denoted by the diagram (0, 0, 0, 2). It is
quite amazing that at finite ms, in the little string, the gauge theory whose Coulomb branch
flows to this orbit in the CFT limit is precisely the quiver with mass content (0, 0, 0, 2).
This is just the quiver engineered in the previous examples, from the set:
WS = {ω1 = [ 0, 0, 0, 1], ω2 = [ 0, 0, 0,−1]}.
17or can be obtained after Hanany-Witten type moves
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5 Examples
We will now illustrate the various results of the paper, for g a simple Lie algebra.
5.1 Sphere with 3 full punctures
We start by demonstrating the Triality of Section 3, for a Riemann surface being a sphere
with three full punctures [62]; in this paper, we compactified the little string on a cylinder C.
This is equivalent to choosing C to be the sphere with two full punctures that come for free.
A given set of D5 branes at points on C will characterize additional arbitrary punctures. In
what follows, n ≡ rank (g).
In particular, in order to construct a single full puncture defect out of D5 branes, we pick a
set WS of n+ 1 coweight vectors adding up to 0, such that the Bala-Carter label for this
set is ∅. Such a defect is always polarized, in the terminology of Section 2.4. Out of the
many sets of coweights that a priori satisfy this condition, we will present a set WS such
that the resulting Coulomb branch of the defect is the smallest one possible.
The 5d gauge theory T 5d on the D5 branes, the 3d gauge theory G3d on the D3 branes,
and the collection of vertex operators in q-deformed Toda, are related by triality. We
will see explicitly that the partition function of T 5d truncates to a 3-point function in the
q-deformed Toda theory, with 3 primary operator insertions of generic momenta.
For each ωi, we pick a point on the Riemann surface C, with coordinate xi = Rβi. This xi
specifies the position of the D5 brane wrapping ωi = [S
∗
i ] on C, and the masses βi of the
various matter fields in the 5d and 3d gauge theories. In the Toda theory, these parameters
specify the n momenta and the position of the puncture on C. With only 3 punctures present,
we are in fact free to set this position at z = 1. The n 5d gauge couplings τa become the 3d
FI parameters, or equivalently the momentum of the puncture at z = 0 in the Toda picture 18.
With only three punctures, no physical quantity will depend on the coordinate z itself, so
we can set it to 1. The vertex operator :
∏
Vωi(x) : is the q-deformation of the primary
operator Vβi(z). The R-charges of the 3d chiral multiplets determine all va =
√
qra/t
factors in the argument of the vertex operators. These multiplets are generated from strings
stretching between a D3 brane and a D5 brane wrapping S∗i .
In the undeformed Toda CFT, the three-point of W-algebra primaries is labeled by three
momenta β0, β, β∞:
〈Vβ0(0)Vβ(1)Vβ∞(∞)〉 . (5.1)
18The n non-normalizable Coulomb moduli coming from the U(1) centers in the gauge groups of T 5d
become the ranks Na of the 3d gauge groups of G
3d, which is also the number of screening charges in Toda
theory; this specifies the momentum of the puncture located at z = ∞.
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If β∞ = −β0−β−
∑n
a=1Na α
∨
a /b for positive integers Na (which are the ranks of the gauge
groups of) we can compute the three-point function (5.1) in free field formalism: we simply
insert Na screening charge operators Q
∨
a =
∫
dxS∨a (x):
〈V ∨β0(0)V ∨β (1)V ∨β∞(∞)
n∏
a=1
(Q∨a )
Na〉free. (5.2)
Once we replace the screening charges and the vertex operators by their q-deformed counter-
parts, we obtain the q-deformed 3-point conformal block of theWq,t(g) algebra, as described
in Section 3.3.
When g = A,D,E, the sphere with three full punctures was analyzed in [2], so we will be
brief in describing those cases; we focus instead on the defects of the little string when g
is non simply-laced. For definiteness, we will use the following definitions of the Cartan
matrices in the examples:
CBnab =

2 −1 0 0 . . . 0
−1 2 −1 0 . . . 0
...
...
...
...
...
. . .
0 . . . −1 2 −1 0
0 . . . 0 −1 2 −2
0 . . . 0 0 −1 2

CCnab =

2 −1 0 0 . . . 0
−1 2 −1 0 . . . 0
...
...
...
...
...
. . .
0 . . . −1 2 −1 0
0 . . . 0 −1 2 −1
0 . . . 0 0 −2 2

CG2ab =
(
2 −1
−3 2
)
CF4ab =

2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2

5.1.1 An Full Puncture
For the simply-laced case, note that one can use the words weights (respectively roots) and
coweights (respectively coroots) interchangeably. For g = An, a full puncture is realized by
the following set WS of n+ 1 coweights:
ω1 = −w∨1
ω2 = −w∨1 + α∨1
...
ωn = −w∨1 + α∨1 + . . .+ α∨n−1
ωn+1 = −w∨1 + α∨1 + . . .+ α∨n−1 + α∨n
(5.3)
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Figure 2: Sphere with 3 full An punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
w∨a is the a-th fundamental coweight, and α∨a is the a-th coroot. Note that the setWS spans
the coweight lattice. Each one of the coweights ωa represents a distinct D5 brane wrapping
a non-compact 2-cycle and some compact 2-cycles. At low energies, one can directly read
off the 5d N = 1 An quiver gauge theory living on the branes: the coefficients of the α∨a
give the rank of the gauge group, while the number of hypermultiplets in the fundamental
representation of the a-th node is given by the number of −wa. The resulting 5d quiver
gauge theory is shown in figure 2.
We add D3 branes wrapping compact two-cycles in the homology class. The strings
that stretch between D3 branes realize a 3d N = 4 An quiver gauge theory, with gauge
content
∏n
a=1 U(Na). Supersymmetry is broken to N = 2 due to the strings stretching
between the D3 and D5 branes, resulting in chiral and anti-chiral multiplets in fundamental
representation of the various gauge groups. The Dynkin labels of the coweights (5.3) written
in fundamental coweight basis encode the precise matter content of the 3d theory:
ω1 = [−1, 0, 0, . . . , 0, 0]
ω2 = [ 1,−1, 0, . . . , 0, 0]
...
ωn = [ 0, 0, 0, . . . , 1,−1]
ωn+1 = [ 0, 0, 0, . . . , 0, 1]
(5.4)
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We obtain a 3d N = 2 quiver gauge theory G5d shown in figure 2. Note in passing that
the set WS has no common zeros in the above notation. Acting on this set with the Weyl
group will not change that, so the set is distinguished and the defect is indeed a full puncture.
The q-deformed vertex operator that realizes the full puncture is the product :
∏n+1
i=1 Vωi(xi) :,
where
Vω1(x) = W
−1
1 (x),
Vω2(x) =: W
−1
1 (x)E1(xv
−1) :
...
Vωn(x) =: W
−1
1 (x)E1(xv
−1)E2(xv−2) . . . En−1(xv1−n) :
Vωn+1(x) =: W
−1
1 (x)E1(xv
−1)E2(xv−2) . . . En−1(xv1−n)En(xv−n) :
(5.5)
The above “fundamental coweight” and “simple coroot” vertex operators were defined in
section 3.3; the expression is a refinement of the relation (5.3). The dependence on the
v factors above encodes the value of the Coulomb moduli at the triality point. Namely,
let v#a,i be the various v factors appearing in (5.5). Then, the Coulomb moduli of the 5d
gauge theory that truncate the partition function to the An q-deformed conformal block
are given by
ea,i = fi t
Na,i v#a,i v−a , a = 1, . . . , n.
The Coulomb branch of the 5d theory has complex dimension
∑n
a=1 da = n(n+ 1)/2, with
da the ranks of the n gauge groups. This can also be obtained from (2.12):∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| = n(n+ 1)
2
In the above sum, one counts all positive roots that have a negative inner product with
at least one of the coweights, with multiplicity. Here, all positive roots of An satisfy this
condition, with multiplicity 1, so the right-hand side is simply the number of positive
roots of An. This is also the number of supersymmetric vacua (or equivalently, integration
contours) of the 3d theory, and the number of parameters needed to specify the 3-point of
the q-deformed Wq,t(An) algebra.
In the CFT limit, when ms →∞, the counting is done without multiplicity, but since each
positive roots is counted once in the little string, the Coulomb branch dimension does not
change. The Coulomb branch of the resulting theory T 4d is the maximal nilpotent orbit of
An, with Bala-Carter label An. This orbit is in the image by the Spaltenstein map of the
orbit denoted by ∅. This pre-image Bala–Carter label ∅ is identified at once since the set
WS has no common zeros in the Dynkin labels of the different coweights, as we pointed out.
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Figure 3: Sphere with 3 full Dn punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
5.1.2 Dn Full Puncture
We will be more brief for the rest of the simply-laced cases. For WS , we take the following
collection of n+ 1 weights of Dn:
ω1 = −w∨1 + α∨1 + α∨2 + . . .+ α∨n−2 + α∨n−1 + α∨n
ωi = ωi−1 + α∨n−i , i = 2, . . . n− 1
ωn = −w∨n−1
ωn+1 = −w∨n
(5.6)
Writing each coweight above in terms of fundamental coweights, it is clear that WS has no
common zeros, and acting on WS with the Weyl group will not change that, so the set is
distinguished and this is indeed a full puncture.
The complex dimension of the Coulomb branch of T 5d (or the number of vacua of G3d) is
n∑
a=1
da =
(n− 1)(3n− 2)
2
=
∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| .
In the above sum, one counts all positive roots that have a negative inner product with
at least one of the coweights. Here, some of the positive roots of Dn satisfy this condition
with multiplicity 1, while others satisfy it with multiplicity 2, so the answer is necessarily
bigger than the number of positive roots of Dn. This is also the number of supersymmetric
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vacua (or equivalently, integration contours) of the 3d theory, and the number of parameters
needed to specify the 3-point of the q-deformed Wq,t(Dn) algebra.
In the CFT limit, when ms →∞, the counting is done without counting the multiplicity
2 of some of the positive roots; the Coulomb branch dimension of the D5 brane theory
therefore decreases and becomes equal to the number of positive roots of Dn, which is
n2 − n. The Coulomb branch of the resulting theory T 4d is therefore the maximal nilpotent
orbit of Dn. The 5d and 3d theories are shown in figure 3.
5.1.3 En Full Puncture
Figure 4: Sphere with 3 full E6 punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
In the case of E6, we take the set WS to be the following collection of 7 coweights:
ω1 = −w∨5
ω2 = −w∨5 + α∨5
ω3 = −w∨5 + α∨1 + 2α∨2 + 3α∨3 + 3α∨4 + 2α∨5 + 2α∨6
ω4 = −w∨5 + α∨1 + 2α∨2 + 4α∨3 + 3α∨4 + 2α∨5 + 2α∨6
ω5 = −w∨5 + α∨1 + 3α∨2 + 4α∨3 + 3α∨4 + 2α∨5 + 2α∨6
ω6 = −w∨5 + 2α∨1 + 3α∨2 + 4α∨3 + 3α∨4 + 2α∨5 + 2α∨6
ω7 = −w∨6
(5.7)
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Figure 5: Sphere with 3 full E7 punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
In the case of E7, we take the set WS to be the following collection of 8 coweights:
ω1 = −w∨1 + 3α∨1 + 5α∨2 + 7α∨3 + 6α∨4 + 4α∨5 + 2α∨6 + 4α∨7
ω2 = −w∨1 + 3α∨1 + 5α∨2 + 8α∨3 + 6α∨4 + 4α∨5 + 2α∨6 + 4α∨7
ω3 = −w∨1 + 3α∨1 + 6α∨2 + 8α∨3 + 6α∨4 + 4α∨5 + 2α∨6 + 4α∨7
ω4 = −w∨1 + 4α∨1 + 6α∨2 + 8α∨3 + 6α∨4 + 4α∨5 + 2α∨6 + 4α∨7
ω5 = −w∨6
ω6 = −w∨6 + α∨6
ω7 = −w∨6 + α∨5 + α∨6
ω8 = −w∨7
(5.8)
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Figure 6: Sphere with 3 full E8 punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
In the case of E8, we take the set WS to be the following collection of 9 coweights:
ω1 = −w∨1 + 7α∨1 + 13α∨2 + 19α∨3 + 16α∨4 + 12α∨5 + 8α∨6 + 4α∨7 + 10α∨8
ω2 = −w∨1 + 7α∨1 + 13α∨2 + 20α∨3 + 16α∨4 + 12α∨5 + 8α∨6 + 4α∨7 + 10α∨8
ω3 = −w∨1 + 7α∨1 + 14α∨2 + 20α∨3 + 16α∨4 + 12α∨5 + 8α∨6 + 4α∨7 + 10α∨8
ω4 = −w∨1 + 8α∨1 + 14α∨2 + 20α∨3 + 16α∨4 + 12α∨5 + 8α∨6 + 4α∨7 + 10α∨8
ω5 = −w∨7
ω6 = −w∨7 + α∨7
ω7 = −w∨7 + α∨6 + α∨7
ω8 = −w∨7 + α∨5 + α∨6 + α∨7
ω9 = −w∨8
(5.9)
Once again, one can check that these sets are distinguished and have no common zeros in
their Dynkin labels, so these are indeed full punctures of En.
The complex dimension of the Coulomb branch of T 5d is
n∑
a=1
da =
∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| .
For E6, we the find (using either sum) that the Coulomb branch dimension is 59. For E7,
we find that the Coulomb branch dimension is 63. For E8, we find that the Coulomb branch
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dimension is 368.
In the CFT limit, when ms →∞, the counting is done without counting the multiplicity in
the sum on the right-hand side; the Coulomb branch dimension therefore decreases and
becomes equal to the number of positive roots of En; for E6, this is 36. For E7, this is
63. For E8, this is 120. The Coulomb branch of the resulting theory T
4d is the maximal
nilpotent orbit of En. The 5d and 3d theories are shown in figures 4, 5, and 6.
5.1.4 G2 Full Puncture
For G2, we take the set WS to be the following collection of 3 coweights:
Figure 7: Sphere with 3 full G2 punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
ω1 = −w∨1 + 4α∨1 + 6α∨2
ω2 = −w∨2 + α∨2
ω3 = −w∨2
(5.10)
The Dynkin labels of the coweights (5.10) expanded in terms of fundamental coweights
encode the precise matter content of the 3d theory:
ω1 = [ 1, 0]
ω2 = [−1, 1]
ω3 = [ 0,−1]
(5.11)
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We obtain the 3d N = 2 quiver gauge theory G3d shown in figure 7. The q-deformed vertex
operator that realizes the full puncture is the product :
∏3
i=1 Vωi(xi) :, where
Vω1(x) = : W
−1
1 (x)E1(xv
−1)E2(xv−2q−1/2)E2(xv−2q−3/2)E2(xv−2q−5/2)E1(xv−3q−1)
E1(xv
−3q−2)E2(xv−4q−3/2)E2(xv−4q−5/2)E2(xv−4q−7/2)E1(xv−5q−3) :
Vω2(x) = : W
−1
2 (x)E2(xq
−1/2) :
Vω3(x) = : W
−1
2 (x) :
(5.12)
The above “fundamental coweight” and “simple coroot” vertex operators were defined in
section 3.3; the expression is a refinement of the relation (5.10). The dependence on the v
and q factors encodes the value of the Coulomb moduli at the triality point. Namely, let
v#a,I q#
′
a,I be the various v and q factors appearing in the Ea operators of (5.12). Then,
the Coulomb moduli of the 5d gauge theory that truncate the partition function to the G2
q-deformed conformal block are given by:
ea,I = fI t
Na,I v#a,I q#
′
a,I v2−a q(a−1)/2 , a = 1, 2 .
Recall that in our notation, a = 1 is gauge node designating the short root, while a = 2
designates the long root.
The Coulomb branch of the 5d theory has complex dimension:
2∑
a=1
da = 11 =
∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| ,
with da the ranks of the 2 gauge groups. In the right-hand sum, one counts all positive
roots that have a negative inner product with at least one of the coweights. This is also the
number of supersymmetric vacua (or equivalently, integration contours) of the 3d theory,
and the number of parameters needed to specify the 3-point of the q-deformed Wq,t(G2)
algebra.
In the CFT limit, when ms →∞, the counting is done without multiplicity. The Coulomb
branch dimension therefore decreases and becomes equal to the number of positive roots of
G2, which is 6. The Coulomb branch of the resulting theory T
4d is the maximal nilpotent
orbit of G2, with Bala-Carter label G2. Because the defect is polarized, its Coulomb branch
must be in the image of the Spaltenstein map. In our case, the full puncture Coulomb
branch is the image of the orbit denoted by ∅. This pre-image Bala–Carter label ∅ is
identified at once by acting on WS with the Weyl group and noticing the set never has any
common zeros in the Dynkin labels of the different coweights.
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5.1.5 F4 Full Puncture
For F4, we take the set WS to be the following collection of 5 coweights:
Figure 8: Sphere with 3 full F4 punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
ω1 = −w∨4 + 4α∨1 + 8α∨2 + 6α∨3 + 4α∨4
ω2 = −w∨4 + 4α∨1 + 8α∨2 + 6α∨3 + 3α∨4
ω3 = −w∨1 + α∨1 + α∨2
ω4 = −w∨1 + α∨1
ω5 = −w∨1
(5.13)
The Dynkin labels of the coweights (5.13) expanded in terms of fundamental coweights
encode the precise matter content of the 3d theory:
ω1 = [ 0, 0, 0, 1]
ω2 = [ 0, 0, 1,−1]
ω3 = [ 0, 1,−1, 0]
ω4 = [ 1,−1, 0, 0]
ω5 = [−1, 0, 0, 0]
(5.14)
We obtain the quiver gauge theory G3d shown in figure 8.
The q-deformed vertex operator that realizes the full puncture is the product :
∏5
i=1 Vωi(xi) :,
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where
Vω1(x) = : W
−1
4 (x)E4(xv
−1)E3(xv−2)E2(xv−3q−1/2)E2(xv−3q−3/2)E1(xv−4q−1)
E3(xv
−4q−1)E1(xv−4q−2)E4(xv−5q−1)E2(xv−5q−3/2)E2(xv−5q−5/2)E3(xv−6q−1)
E3(xv
−6q−2)E2(xv−7q−3/2)E4(xv−7q−2)E2(xv−7q−5/2)E1(xv−8q−2)E1(xv−8q−3)
E3(xv
−8q−3)E2(xv−9q−5/2)E2(xv−9q−7/2)E3(xv−10q−3)E4(xv−11q−3) :
Vω2(x) = : W
−1
4 (x)E4(xv
−1)E3(xv−2)E2(xv−3q−1/2)E2(xv−3q−3/2)E1(xv−4q−1)
E3(xv
−4q−1)E1(xv−4q−2)E4(xv−5q−1)E2(xv−5q−3/2)E2(xv−5q−5/2)E3(xv−6q−1)
E3(xv
−6q−2)E2(xv−7q−3/2)E4(xv−7q−2)E2(xv−7q−5/2)E1(xv−8q−2)E1(xv−8q−3)
E3(xv
−8q−3)E2(xv−9q−5/2)E2(xv−9q−7/2)E3(xv−10q−3) :
Vω3(x) = : W
−1
1 (x)E1(xv
−4q−1)E2(xv−5q−3/2) :
Vω4(x) = : W
−1
1 (x)E1(xv
−4q−1) :
Vω5(x) = : W
−1
1 (x) :
(5.15)
The above expression is a refinement of the relation (5.13). The dependence on the v
and q factors encodes the value of the Coulomb moduli at the triality point. Namely, let
v#a,I q#
′
a,I be the various v and q factors appearing in the Ea operators of (5.15). Then,
the Coulomb moduli of the 5d gauge theory that truncate the partition function to the F4
q-deformed conformal block are given by:
ea,I = fI t
Na,I v#a,I q#
′
a,I v5−a q(3−a)/2 , a = 1, 2
ea,I = fI t
Na,I v#a,I q#
′
a,I v5−a q(3−a)/2 , a = 3, 4 (5.16)
In our notation, a = 1, 2 designate the long roots, while a = 3, 4 designate the short roots.
The Coulomb branch of the 5d theory has complex dimension:
4∑
a=1
da = 46 =
∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| ,
with da the ranks of the 4 gauge groups. In the right-hand sum, one counts all positive
roots that have a negative inner product with at least one of the coweights. This is also the
number of supersymmetric vacua (or equivalently, integration contours) of the 3d theory,
and the number of parameters needed to specify the 3-point of the q-deformed Wq,t(F4)
algebra.
In the CFT limit, when ms →∞, the counting is done without multiplicity. The Coulomb
branch dimension therefore decreases and becomes equal to the number of positive roots of
F4, which is 24. The Coulomb branch of the resulting theory T
4d is the maximal nilpotent
orbit of F4, with Bala–Carter label F4. Because the defect is polarized, its Coulomb branch
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must be in the image of the Spaltenstein map. In our case, the full puncture Coulomb
branch is the image of the orbit denoted by ∅. This pre-image Bala–Carter label ∅ is
identified at once by acting on WS with the Weyl group and noticing the set never has any
common zeros in the Dynkin labels of the different coweights.
5.1.6 Bn Full Puncture
For Bn, we take the set WS to be the following collection of n+ 1 coweights:
Figure 9: Sphere with 3 full Bn punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
ω1 = −w∨1 + α∨1 + α∨2 + . . .+ α∨n−1 + α∨n
ωi = ωi−1 + α∨n−i+1 , i = 2, . . . n
ωn+1 = −w∨n
(5.17)
The Dynkin labels of the coweights (5.17) expanded in terms of fundamental coweights
encode the precise matter content of the 3d theory:
– 44 –
ω1 = [ 0, 0, 0, . . . , 0,−1, 1]
ω2 = [ 0, 0, 0, . . . ,−1, 1, 0]
...
ωn−2 = [ 0,−1, 1, . . . , 0, 0, 0]
ωn−2 = [ 0,−1, 1, . . . , 0, 0, 0]
ωn−1 = [−1, 1, 0, . . . , 0, 0, 0]
ωn+1 = [ 0, 0, 0, . . . , 0, 0,−1]
(5.18)
We obtain the quiver gauge theory G3d shown in figure 9.
The q-deformed vertex operator that realizes the full puncture is the product :
∏n+1
i=1 Vωi(xi) :,
where
Vω1(x) =: W
−1
1 (x)E1(xv
−1q−1/2)E2(xv−2q−1) . . . En−1(xv1−nq(−n+1)/2)En(xv−nq(−n+1)/2) :
Vωi(x) =: Vωi−1(x)En−i+1(xv
−n−i+1q(−n−i+3)/2) : i = 2, . . . , n
Vωn+1(x) =: W
−1
n (x) :
(5.19)
The above expression is a refinement of the relation (5.17). The dependence on the v
and q factors encodes the value of the Coulomb moduli at the triality point. Namely, let
v#a,I q#
′
a,I be the various v and q factors appearing in the Ea operators of (5.19). Then,
the Coulomb moduli of the 5d gauge theory that truncate the partition function to the Bn
q-deformed conformal block are given by:
ea,I = fI t
Na,I v#a,I q#
′
a,I v2−a q(2−a)/2 , a = 1, . . . , n− 1
en,I = fI t
Nn,I v#n,I q#
′
n,I v2−n q(3−n)/2 (5.20)
In our notation, a = 1, . . . , n− 1 designate the long roots, while a = n designates the short
root.
The Coulomb branch of the 5d theory has complex dimension:
n∑
a=1
da =
n(3n− 1)
2
=
∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| ,
with da the ranks of the n gauge groups. In the right-hand sum, one counts all positive
roots that have a negative inner product with at least one of the coweights. This is also the
number of supersymmetric vacua (or equivalently, integration contours) of the 3d theory,
and the number of parameters needed to specify the 3-point of the q-deformed Wq,t(Bn)
algebra.
In the CFT limit, when ms →∞, the counting is done without multiplicity. The Coulomb
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branch dimension therefore decreases and becomes equal to the number of positive roots of
Bn, which is n
2. The Coulomb branch of the resulting theory T 4d is the maximal nilpotent
orbit of Bn, with Bala-Carter label Bn. Because the defect is polarized, its Coulomb branch
must be in the image of the Spaltenstein map. In our case, the full puncture Coulomb
branch is the image of the orbit denoted by ∅. This pre-image Bala–Carter label ∅ is
identified at once by acting on WS with the Weyl group and noticing the set never has any
common zeros in the Dynkin labels of the different coweights.
5.1.7 Cn Full Puncture
For Cn, we take the set WS to be the following collection of n+ 1 coweights:
Figure 10: Sphere with 3 full Cn punctures: 5d theory T
5d and 3d theory G3d resulting
from WS .
ω1 = −w∨1 + α∨1 + α∨2 + . . .+ α∨n−2 + 2α∨n−1 + 2α∨n
ωi = ωi−1 + α∨n−i , i = 2, . . . n− 1
ωn = −w∨n + α∨n
ωn+1 = −w∨n
(5.21)
The Dynkin labels of the coweights (5.21) expanded in terms of fundamental coweights
encode the precise matter content of the 3d theory:
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ω1 = [ 0, 0, . . . , 0,−1, 1, 0]
ω2 = [ 0, 0, . . . ,−1, 1, 0, 0]
...
ωn−2 = [−1, 1, . . . , 0, 0, 0, 0]
ωn−1 = [ 1, 0, . . . , 0, 0, 0, 0]
ωn = [ 0, 0, . . . , 0, 0,−1, 1]
ωn+1 = [ 0, 0, . . . , 0, 0, 0,−1]
(5.22)
We obtain the quiver gauge theory G3d shown in figure 10.
The q-deformed vertex operator that realizes the full puncture is the product :
∏n+1
i=1 Vωi(xi) :,
where
Vω1(x) =: W
−1
1 (x)E1(xv
−1)E2(xv−2) . . . En−1(xv−n)En(xv−n)
En(xv
1−nq−1)En−1(xv−n−1q−1) :
Vωi(x) =: Vωi−1(x)En−i(xv
−n−iq−1) : i = 2, . . . , n− 1
Vωn(x) =: W
−1
n (x)En(xv
2) :
Vωn+1(x) =: W
−1
n (x) :
(5.23)
The above expression is a refinement of the relation (5.21). The dependence on the v
and q factors encodes the value of the Coulomb moduli at the triality point. Namely, let
v#a,I q#
′
a,I be the various v and q factors appearing in the Ea operators of (5.23). Then,
the Coulomb moduli of the 5d gauge theory that truncate the partition function to the Cn
q-deformed conformal block are given by:
ea,I = fI t
Na,I v#a,I q#
′
a,I v2−a , a = 1, . . . , n
In our notation, a = 1, . . . , n− 1 designate the short roots, while a = n designates the long
root.
The Coulomb branch of the 5d theory has complex dimension:
n∑
a=1
da =
n(3n− 1)
2
=
∑
〈eγ ,ωi〉<0
|〈eγ , ωi〉| ,
with da the ranks of the n gauge groups. Note it is the same as for the Bn full puncture.
In the right-hand sum, one counts all positive roots that have a negative inner product
with at least one of the coweights. This is also the number of supersymmetric vacua (or
equivalently, integration contours) of the 3d theory, and the number of parameters needed
to specify the 3-point of the q-deformed Wq,t(Cn) algebra.
In the CFT limit, when ms →∞, the counting is done without multiplicity. The Coulomb
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branch dimension therefore decreases and becomes equal to the number of positive roots of
Cn, which is n
2. The Coulomb branch of the resulting theory T 4d is the maximal nilpotent
orbit of Cn, with Bala-Carter label Cn. Because the defect is polarized, its Coulomb branch
must be in the image of the Spaltenstein map. In our case, the full puncture Coulomb
branch is the image of the orbit denoted by ∅. This pre-image Bala–Carter label ∅ is
identified at once by acting on WS with the Weyl group and noticing the set never has any
common zeros in the Dynkin labels of the different coweights.
5.2 All Punctures of the G2 Little String and CFT Limit
We present here the classification of defects of the g = G2 little string theory, along with
their conjectured CFT limit. The defects are generated by D5 branes wrapping non-compact
2-cycles of a resolved D4 singularity; more precisely, we consider a nontrivial fibration of
the resolved D4 over C2 × C, and as one goes around the origin of one of the planes C
wrapped by the branes, the singularity goes back to itself, up to Z3 outer automorphism
group action.
The resulting defects are labeled by coweights of G2, which are weights of
LG2 = G2. We
find that there are exactly two “distinct” unpolarized defects, both generated by the zero
weight [ 0, 0], taken once in each of the two fundamental representations. The Coulomb
branch of each featured quiver gauge theory T5d flows to a nilpotent orbit of G2 in the CFT
limit; all nilpotent orbits of G2 turn out to be physically realized in this way.
Furthermore, we illustrate G2 triality, by considering the little string on a sphere with two
full punctures and one of the punctures of figure 11.
5.2.1 The ∅ Orbit
The first puncture we study was studied in the previous section, so we will be brief: it is
realized with three D5 branes, labeled by the following set WS :
ω1 = −w∨1 + 4α∨1 + 6α∨2 = [ 1, 0]
ω2 = −w∨2 + α∨2 = [−1, 1]
ω3 = −w∨2 = [ 0,−1]
All the elements of WS are in the Weyl group orbit of the fundamental representation they
belong in, so the defect is polarized. Moreover, the set is distinguished, as can be checked by
acting on all elements of WS simultaneously with the Weyl group of G2. The fundamental
matter content of T 5d is:∏
1≤I≤d1
N∅µ1I (v
2 f1/e1,I ; q)
∏
1≤I≤d2
N∅µ2I (v
2
3 f2/e2,I ; q
3)
∏
1≤I≤d2
N∅µ2I (v
2
3 f3/e2,I ; q
3).
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Figure 11: Defects of the G2 Little String
The truncation of T 5d’s partition function to a 3d theory’s partition function is achieved by
setting:
e1,1 = q
−0v−0tN1,1 f1 e2,1 = q−0v−2tN2,1 f1
e1,2 = q
−1v−2tN1,2 f1 e2,2 = q−1v−2tN2,2 f1
e1,3 = q
−2v−2tN1,3 f1 e2,3 = q−2v−2tN2,3 f1
e1,4 = q
−3v−4tN1,4 f1 e2,4 = q−1v−4tN2,4 f1
e2,5 = q
−2v−4tN2,5 f1
e2,6 = q
−3v−4tN2,6 f1
e2,7 = q
−0v−0tN2,7 f2– 49 –
The resulting 3d partition function has fundamental matter content given exactly by (3.56).
We now turn to the CFT limit: there are no common zeros in the distinguished set WS ,
so the Bala–Carter label associated to this polarized defect is ∅. The Coulomb branch
dimension is then given by the Spaltenstein dual of this orbit, which is G2, of complex
dimension 6. This is confirmed by the fact that all 6 positive roots have a negative inner
product with at least one of the weights. The momentum of the associated vertex operator
in G2-Toda theory is β =
∑3
i=1 βi ωi. Moreover, the weighted Dynkin diagram for the orbit
G2 is (2, 2); this is not the mass content of the quiver T
5d we wrote down (the mass content
being (1, 2)), but can be obtained from ours by generalized Hanany-Witten transitions (see
[35] for details on this procedure).
5.2.2 The A1 Orbit
Consider two D5 branes labeled by the following set WS :
ω1 = −w∨2 + 2α∨1 + 4α∨2 = [ 0, 1]
ω2 = −w∨2 = [ 0,−1]
All the elements of WS are in the Weyl group orbit of the fundamental representation they
belong in, so the defect is polarized. Moreover, the set is distinguished, as can be checked
easily. The fundamental matter content of T 5d is:∏
1≤I≤d2
N∅µ2I (v
2
3 f1/e2,I ; q
3)
∏
1≤I≤d2
N∅µ2I (v
2
3 f2/e2,I ; q
3).
The truncation of T 5d’s partition function to a 3d theory’s partition function is achieved by
setting:
e1,1 = q
−0v−0tN1,1 f1 e2,1 = q−0v−0tN2,1 f1
e1,2 = q
−1v−2tN1,2 f1 e2,2 = q−0v−2tN2,2 f1
e2,3 = q
−1v−2tN2,3 f1
e2,4 = q
−1v−4tN2,4 f1
The resulting 3d partition function has fundamental matter content given exactly by (3.56).
We now turn to the CFT limit: there is a common zero in the first Dynkin label of the
distinguished set WS , so the Bala–Carter label associated to this polarized defect is A1.
The Coulomb branch dimension is then given by the Spaltenstein dual of this orbit, which
is G2(a1), of complex dimension 5. This is confirmed by the fact that all but the positive
(simple) root α1 have a negative inner product with ω2, and ω1 does not have a negative
inner product with α1 either, so one of the six positive roots is not counted. The momentum
of the associated vertex operator in G2-Toda theory is β =
∑2
i=1 βi ωi. Note that this defect
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characterizes a level 1 null state of G2-Toda:
〈β, α1〉 = 0
Finally, note that the weighted Dynkin diagram for the G2(a1) nilpotent orbit is precisely
the mass content (0, 2) of the little string quiver T 5d we wrote.
5.2.3 The A1s Orbit
Consider two D5 branes labeled by the following set WS :
ω1 = −w∨1 + 4α∨1 + 6α∨2 = [ 1, 0]
ω2 = −w∨1 = [−1, 0]
All the elements of WS are in the Weyl group orbit of the fundamental representation they
belong in, so the defect is polarized. Moreover, the set is distinguished, as can be checked
easily. The fundamental matter content of T 5d is:∏
1≤I≤d1
N∅µ1I (v
2 f1/e1,I ; q)
∏
1≤I≤d1
N∅µ1I (v
2 f2/e1,I ; q).
The truncation of T 5d’s partition function to a 3d theory’s partition function is achieved by
setting:
e1,1 = q
−0v−0tN1,1 f1 e2,1 = q−0v−2tN2,1 f1
e1,2 = q
−1v−2tN1,2 f1 e2,2 = q−1v−2tN2,2 f1
e1,3 = q
−2v−2tN1,3 f1 e2,3 = q−2v−2tN2,3 f1
e1,4 = q
−3v−4tN1,4 f1 e2,4 = q−1v−4tN2,4 f1
e2,5 = q
−2v−4tN2,5 f1
e2,6 = q
−3v−4tN2,6 f1
The resulting 3d partition function has fundamental matter content given exactly by (3.56).
We now turn to the CFT limit: there is a common zero in the second Dynkin label of the
distinguished set WS , so the Bala–Carter label associated to this polarized defect is A1,s. It
is a distinct label from A1 in the previous example, since we must distinguish between the
short and the long root. The Coulomb branch dimension is then given by the Spaltenstein
dual of this orbit, which is G2(a1), of complex dimension 5 (this is the same as in the
A1 case.) This is confirmed by the fact that all but the positive (simple) root α2 have a
negative inner product with ω2, and ω1 does not have a negative inner product with α2
either, so one of the six positive roots is not counted. The momentum of the associated
vertex operator in G2-Toda theory is β =
∑2
i=1 βi ωi. Note that this defect characterizes a
level 1 null state of G2-Toda:
〈β, α2〉 = 0
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5.2.4 The G2(a1) Orbit
Consider one D5 brane labeled by the following set WS :
ω1 = −w∨2 + 1α∨1 + 2α∨2 = [ 0, 0]2
The null coweight is in its own Weyl group orbit, so the defect is unpolarized. The
fundamental matter content of T 5d is:∏
1≤I≤d2
N∅µ2I (v
2
3 f1/e2,I ; q
3).
The truncation of T 5d’s partition function to a 3d theory’s partition function is achieved by
setting:
e1,1 = q
−0v−0tN1,1 f1 e2,1 = q−0v−0tN2,1 f1
e2,2 = q
−0v−2tN2,2 f1
A 3d matter contribution survives this truncation, even with WS containing only the zero
coweight. This is because the defect is unpolarized, so refinement due to q and v factors
crucially enter the computation. The resulting potential is precisely a refinement of the
coweight [ 0, 0]2, understood here as [ 0, 0]2 = [ 0, 1] + [ 0,−1], and a potential
survives, as pictured in 11; see Section 5.4 below.
We now turn to the CFT limit: the coweight [ 0, 0]2 has only zeros as Dynkin labels,
so part of the Bala–Carter label is G2. The extra label “2” on the coweight, denoting the
fundamental representation of LG2 the coweight is taken in, is in one-to-one correspondence
with an extra simple root label in the Bala–Carter classification. All in all, the label is
G2(a1). Because this is an unpolarized defect, there is no reason to expect that the Coulomb
branch dimension of T 4d should be given by the Spaltenstein dual of this orbit, (namely,
G2(a1) itself), and this is indeed not the case. The Coulomb branch of T
4d is in fact the
orbit A1, of complex dimension 3. This can be argued from the T
5d quiver, which already
has complex Coulomb dimension 3. Since the dimension of the Coulomb branch can only
decrease in the ms →∞ limit, this is the right orbit. Note A1 is not in the image of the
Spaltenstein map. Finally, the weighted Dynkin diagram for this orbit is (0, 1), which is the
mass content of the quiver T 5d we wrote down. For more details on dimension counting for
unpolarized defects, see [34].
5.2.5 Bala–Carter Labels and Unpolarized Classification
From the above discussion, it may seem like one of the nilpotent orbits of G2 is not realized
as the Coulomb branch of some defect theory T 4d; namely, the orbit A1s has complex
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dimension 4, is not in the image of the Spaltenstein map, and did not appear so far.
However, we conjecture that this orbit is realized as follows:
Consider one D5 brane labeled by the set WS :
ω1 = −w∨1 + 2α∨1 + 3α∨2 = [ 0, 0]1
This is a different way to produce the null coweight, taken this time in the representation
labeled by the first fundamental coweight [ 1, 0]. In our terminology, this defect must be
unpolarized. The fundamental matter content of T 5d is:∏
1≤I≤d1
N∅µ1I (v
2 f1/e1,I ; q).
The truncation of T 5d’s partition function to a q-deformed conformal block with the
appropriate vertex operator is achieved by setting:
e1,1 = q
−0v−0tN1,1 f1 e2,1 = q−0v−2tN2,1 f1
e1,2 = q
−1v−2tN1,2 f1 e2,2 = q−1v−2tN2,2 f1
e2,3 = q
−1v−4tN2,3 f1
A potential survives this truncation, even with WS containing only the zero coweight. This
is because the defect is unpolarized, so refinement due to q and v factors crucially enter the
computation. The resulting potential is precisely a refinement of the coweight [ 0, 0]1,
and a potential survives, as pictured in 11; see also Section 5.4 below.
We now turn to the CFT limit: we claim that this defect is distinct from the previous
unpolarized one, which was engineered by [ 0, 0]2. We predict that the Coulomb branch
of T 4d is in fact the orbit A1s , of complex dimension 4. This is consistent with dimension
counting [34], and the weighted Dynkin diagram for this orbit is (1, 0), which is precisely
the mass content of the quiver theory T 5d. Note this orbit is not in the image of the
Spaltenstein map.
5.3 Non-Simply Laced Triality from Folding
Recall that if g′ is a simply-laced Lie algebra, and g a subalgebra of g′ invariant under
the action of the outer automorphism group of g′, then these automorphisms of g′ are
in one-to-one correspondence with the automorphisms of the Dynkin diagram of g′. The
resulting non simply-laced subalgebra g is then obtained by “folding” the Dynkin diagram
of g′.
It turns out that this folding procedure carries through algebraically, so one can engineer 5d
non simply-laced quiver gauge theories from their simply-laced counterparts. The truncation
of partitions in the 5d theory is preserved by this folding, so triality to a 3d non simply-laced
gauge theory can be explicitly described as a folding operation. In this section, we illustrate
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this fact with a highly non-trivial example: we show that the Z2 folding of a E6 theory
leads to a F4 defect.
Our starting theory will be the following polarized defect WS of E6, engineered by two D5
branes:
ω1 = −w∨6 + 2α∨1 + 4α∨2 + 6α∨3 + 4α∨4 + 2α∨5 + 4α∨6
ω2 = −w∨6
Equivalently, decomposed in terms of fundamental coweights, these read:
ω1 = [ 0, 0, 0, 0, 0, 1]
ω2 = [ 0, 0, 0, 0, 0,−1]
The resulting 5d quiver T 5dE6 is shown in figure 12. After Z2 folding, the nodes 3 and 6 now
designate long roots (being invariant under the outer automorphism action) and we obtain
an F4 defect theory T
5d
F4
, with coweights:
ω′1 = −w∨1 + 4α∨1 + 6α∨2 + 4α∨3 + 2α∨4
ω′2 = −w∨1
Equivalently, decomposed in terms of fundamental coweights, these read:
ω1 = [ 1, 0, 0, 0]
ω2 = [−1, 0, 0, 0]
The fundamental matter content of T 5dE6 is∏
1≤I≤d6
N∅µ6I (v
2 f1/e6,I ; q).
We now show that the truncation scheme of the T 5dE6 theory at the triality point are preserved
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Figure 12: Folding of a E6 little string defect and the resulting F4 defect. The 3d theory
at the triality locus is shown on the right.
by the folding operation. Namely, we set the Coulomb parameters of T 5dE6 to:
e1,1 = v
−6tN1,1 f1 e2,1 = v−4tN2,1 f1 e3,1 = v−2tN3,1 f1
e1,2 = v
−10tN1,2 f1 e2,2 = v−6tN2,2 f1 e3,2 = v−4tN3,2 f1
e2,3 = v
−8tN2,3 f1 e3,3 = v−6tN3,3 f1
e2,4 = v
−10tN2,4 f1 e3,4 = v−6tN3,4 f1
e3,5 = v
−8tN3,5 f1
e3,6 = v
−10tN3,6 f1
e4,1 = v
−4tN4,1 f1 e5,1 = v−6tN5,1 f1 e6,1 = v−0tN6,1 f1
e4,2 = v
−6tN4,2 f1 e5,2 = v−10tN5,2 f1 e6,2 = v−4tN6,2 f1
e4,3 = v
−8tN4,3 f1 e6,3 = v−6tN6,3 f1
e4,4 = v
−10tN4,4 f1 e6,4 = v−10tN6,4 f1
The resulting 3d theory is shown in the right column of figure 12. Now, notice that the
above v factors used in the truncation are identical on nodes 1 and 5, and identical and
nodes 2 and 4. These become the v factors of T 5dF4 for the two short roots. The v factors on
nodes 3 and 6 become the v factors of T 5dF4 for the two long roots.
There is one slight caveat: a bifundamental hypermultiplet truncating a partition on the
long root 2 starting from the long root 1 is now accompanied by a q−1 factor in the argument
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of the Nekrasov factors in the 5d partition function. With this adjustment, we obtain the
following truncation scheme for T 5dF4 :
e1,1 = q
−0v−0tM1,1 f1 e2,1 = q−1v−2tM2,1 f1
e1,2 = q
−1v−4tM1,2 f1 e2,2 = q−1v−4tM2,2 f1
e1,3 = q
−1v−6tM1,3 f1 e2,3 = q−1v−6tM2,3 f1
e1,4 = q
−2v−10tM1,4 f1 e2,4 = q−2v−6tM2,4 f1
e2,5 = q
−2v−8tM2,5 f1
e2,6 = q
−2v−10tM2,6 f1
e3,1 = q
−1v−4tM3,1 f1 e4,1 = q−1v−6tM4,1 f1
e3,2 = q
−1v−6tM3,2 f1 e4,2 = q−2v−10tM4,2 f1
e3,3 = q
−2v−8tM3,3 f1
e3,4 = q
−2v−10tM3,4 f1
The resulting 3d theory G3d is shown in the right column of figure 12.
5.4 Unpolarized Defects of G2 and Quantization of a Null Coweight
Here, we illustrate the quantization of a null coweight of G2 as obtained from the triality
procedure. This refinement of the zero weight can be recovered from other methods, such
as the G2 qq-characters; see [3, 6] for details.
For concreteness, let WS be the set ω = [ 0, 0]2 we studied above, with T 5d the 5d quiver
engineered at the top of figure 11. Because the only weight of WS is the null weight, one
would naively think that there is no matter left after truncation of the partition function
to the resulting 3d theory, meaning the presence of the D5 brane would not be felt by the
compact D3 branes. This is however not the case: in the little string theory, a refinement
due to q and v factors results in chiral and anti-chiral matter in G3d, and one ends up with
a quantization of the coweight [ 0, 0]2. Namely, we perfrom the truncation of the 5d
partition function by setting:
e1,1 = q
−0v−0tN1,1 f1 e2,1 = q−0v−0tN2,1 f1
e2,2 = q
−0v−2tN2,2 f1 .
We obtain the partition function of a 3d theory G3d with some fundamental matter
z3dH2(xµ2)/z
3d
H2
(x∅), where
z3dH2(x2) =
∏
1≤I≤N2
(v2 q ex
(2)
I /f1; q
3)∞
(q2 ex
(2)
I /f1; q3)∞
. (5.24)
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This defines the quantization of the weight [ 0, 0]2 and is of the expected form, as sug-
gested by the [ 0, 1] qq-character of G2. Note that we recover the unrefined null coweight
(and therefore a trivial potential) in the limit qv−2 = 1.
In this fashion, one can derive the quantization of any (co)weight, for any fundamental
representation of a simple Lie algebra g.
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